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PREFACE 


The matter presented in the following pages was originally 
intended to form the introduction to a work on Theoretical 
Mechanics. It has seemed best, however, for reasons given in 
the introductory paragraph, to publish it as a separate volume. 

The book is intended as a drill book, and the unusual elaboration 
of the topics, together with the great number of illustrative exam- 
ples, should enable the student to overcome most of his difficulties 
himself. Extreme rigor has not been attempted, but it is hoped 
that the discussion is free from serious inaccuracies. Many well- 
known works on the calculus and on mechanics have been drawn 
upon freely, particularly in the matter of problems, of which a 
great number is given at the end of each chapter. These have 
been taken chiefly from the works of Routh, Minchin, Bowser, 


Price, Todhunter, Lamb, Walton, and Byerly. 
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PEE NE GA SOF 
MECHANICS 


1. Introduction. In the study of mechanics certain types of 
integrals are met with great frequency. These integrals, namely 
the inertia integrals, those defining mass, and moment and center 
of mass, are essential in the discussion of the motion and the con- 
ditions of equilibrium of systems of particles, and rigid bodies. 
Their evaluation, however, is purely an application of the integral 
calculus and has nothing to do with mechanics proper. Their 
treatment in most works on the calculus is very brief, and their 
discussion in the midst of a course in mechanics should, in the 
author’s opinion, be avoided. The aim of this little volume is to 
present an extensive consideration of those integrals suitable for 
use in courses in the integral calculus and as an introduction to 
theoretical mechanics. This arrangement should produce a saving 
of both time and energy: a saving of time by providing numerous 
applications and problems in the calculus which are useful in 
mechanics; a saving of energy by preventing one or more breaks 
in the continuity of the course in mechanics in order to evaluate 
integrals, and by removing, as far as possible, the liability of cer- 
tain troublesome confusions which careful teaching does not always 
prevent. For, when such ideas as momentum, moment of inertia, 
moment of a force, moment of mass, center of mass or gravity, and 
the force of gravity are presented for the first time in more or less 
intimate association, as is usually the case, it is not surprising that 
beginners often fail to distinguish clearly between those concep- 
tions which are purely mathematical and those which have to do 
with force and motion. 

For some years the author has begun his courses in mechanics 


with the calculation of centers of mass and moments and ellipsoids 
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of inertia. The results have been very satisfactory in avoiding 
the confusion mentioned above, and the review of the calculus thus 
obtained has largely removed the mathematical difficulties from 
the later parts of the subject in which the attention should be 
given to the physical conceptions involved rather than to the 
manipulation of symbols. The ultimate aim, however, should 
be to do away entirely with the consideration of these integrals 
in teaching mechanics, a thing difficult to do unless the student 
can earlier acquire considerable facility and precision in his use 
of the calculus. 


CHAPTER I 


FORMUL2 FROM THE CALCULUS.* THE INTEGRALS OF VOLUME, 
AREA, LENGTH, AND MASS 


2. Volume of any solid. vafav. For any solid referred to 
rectangular codrdinates, the element of volume Av is given by 


Av = AzAyAz, 
whence 


(1) Le = [a = | ff aavae, (Calculus, p. 415] 


the limits of integration being determined by the bounding surfaces. 


3. Volume of a solid of revolution. Let the X-axis be the axis of 
revolution, and let the generating area be that included by the 
axis of X, the ordinates x =a and x =, and the curve y = f(z). 


Then, from (1), ‘ 
Y, =[ i ayas| dx, 
or . 


b b 
(1) fei Ty’dx = an [f (a)? da. [Calculus, p. 384] 


A geometrical representation of this process of integration is obtained as follows : 


The integral if i dydz represents the area of a cross section of the solid perpen- 


dicular to the axis of X. This cross section is a circle of radius y and area zy”. 
The volume Av of a thin slice of the solid whose base is zy? and whose thickness 
or height is Az is approximately Av = 7y?Az, and the entire volume is the limit of 
the sum of the volumes of all these elementary slices or plates, this process being 
indicated by the sign of integration. 


*It is assumed that the student is already familiar with the methods expounded in 
the calculus for the determination of volumes, areas, and lengths. The usual formule are 
given in this chapter merely for convenience of reference. All references to the calculus in 
this volume are to the work entitled Hlements of the Differential and Integral Calculus, by 
W. A. Granville, Ph.D. (Ginn & Company). 
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Polar codrdinates. Suppose the equation of the curve is given in polar coérdinates. 
Then the element of the area revolved is approximately 


AA = pApAd, [Calculus, p. 406] 


and its radius is psin@. This element of area will therefore generate a ring whose 


volume is approximately 
AV = 2 wp? sin 0 ApAO. 


For the ring may be cut through by a plane and its volume evidently lies between that of two 
prisms each having the base pApA@ and whose altitudes are respectively the inner circumference of 
the ring, 2 7p sin 6, and the outer circumference, 27 (p + Ap) sin (6+ A@). The volume of the smaller 
prism is therefore pApA@ - 27p sin 6, which is the approximate expression for AV given above. 


The total volume V of the solid is given as before by the limit of the sum of all 
such rings, that is, by 
limit TAV = 2 7 limit ZZp? sin 6 ApAd. 


(2) Va ae p? sin 6 dpdé. 


4. Solid of known cross section. Consider any solid possessing the 
property that the area of any cross section A parallel to a fixed plane 
is a known function.of the distance from that plane. Then if the 
fixed plane is YOZ and the known function ¢(z), the volume is 


(1) v= [| [favas|ax = [ $a. [Calculus, p. 420] 


The process of finding the volume of such a solid may be treated in a manner 
analogous to that employed for a solid of revolution. Any cross section is known 


and is equal to A = {i it dydz = ¢(w). Regarding this area as the base of a thin 
cylinder or thin plate of height or thickness Az, the element of volume is 
Av = AAx = ¢ (@) Aa, 
and the limit of the sum of all the volumes of these thin slices constitutes the 
volume of the entire solid, the limit of the sum being given by the integral sign 
in equation (1). 
5. Area of any surface. S={ dS. For any surface referred to 


rectangular codrdinates the element of surface is 


Bz 
AS= yi+(2)+(2) cia AgAy, — [Calculus, p. 412] 


and 


(1) Ss =iieve + (32) + (32) dxdy, 


where the letters x, y, 2 may be permuted. 
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6. Surface of revolution. If the axis of revolution is OY and the 
equation of the generating curve is y = f(x), then, approximately, 


: 2 
AS =2myAs =2ny./14 ) Aq, 
ia 
and 
2 
(1) S= an fst + (¢) dx, [Calculus, p. 389] 


where 2 and y may be interchanged if desired. 


It is instructive to regard the process of finding the area as follows. Let As be 
a small are of the generating curve. Then by the revolution of the curve y = f (x) 
around the axis OX, the are As will generate an element of area AS of the surface 
of revolution, and this element of area will be approximately the convex surface 
of the frustum of a cone of revolution, the circumference of whose median section 
is 27ry and whose slant height is As; that is, approximately, 


AS = 2 z7ryAs. 


The total surface is the limit of the sum of all these elementary surfaces. 
If the generating curve is given in polar coérdinates, then, approximately, 


AS = 2 7yAs = 2 7p sin @As, 
whence 


(2) S=27 wf psine [1 + (22) 1+ '(32) a0 


7. Plane areas. A= { dA. For any area referred to rectangular 


coordinates AA = AyAz, whence 


(1) ae a i dydx. [Calculus, p. 403] 


If the area is referred to polar codrdinates, AA = pApA@ approxi- 
mately ; whence 


(2) A = | { papas. [Calculus, p. 406] 


8. Lengths of curves. s={ ds. For any plane curve referred 


to rectangular codrdinates we have, approximately, As* = Az* + Ay’, 
whence 


2 
(1) s = ff + (<4) dx. (Calculus, p. 380] 
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In polar coérdinates, approximately, As’ = Ap’ + p*A@? (Calculus, 
p. 382], whence 


often rote 


For any skew curve in space, approximately, 


As? = Ax? + Ay? + Az?, 
whence 


(3) s= | /da? + dy’ + dz’, 


which is easily evaluated when the equation of the curve is given in parametric 
form either in rectangular or in polar codrdinates. 


9. The mass integral, M = ff dm. Density. 


I. Homogeneous solids. A solid is said to be homogeneous or of 
uniform,density when equal volumes of it have equal masses. In 
such a body, therefore, the ratio of the mass to the volume of 
different portions is constant, and this constant is called the 
density ; that is, 


(1) Density = es 


Volume olume 


Let Am be the mass of the element of volume Av of any such 
homogeneous solid referred to rectangular codrdinates. Also let 
t denote the density and 1M the total mass. Then, by (1), 

Am = TAv, 


and 
M = limit 2Am =limit =rAv= limit ZrAzAyAz. 


Am=0 Av=0 Avg Ay — Az 0 


Hence, since 7 2s constant, 


(2) m= [amar favar{[fasayax =r. 


IT. Non-homogeneous solids. If the body is not homogeneous, it 
becomes necessary to introduce the conception of density at each 
point of the solid, which may be done as follows. Let us suppose 
again that we have rectangular codrdinates, and let P(2, y,z) be a 


vertex of an element of volume Av = AvAyAz. Then if Am is the 


mass of this element, the quotient ani is called the mean density 


of the element. u 
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The density at the point P(z, y,z) is defined as the limit of 


the mean density as the three dimensions of Av approach zero. 
That is, 


Density at the point P(a,y,2)=7= limit am: 


or Ax = Ay=Az=0 ‘Be’ 


ad me 
(3) t=." 


Hence 


(4) m= fam = [raw = [[[razavae. 


For non-homogeneous solids 7 is a function of (2, y, z) and hence 
cannot be taken from under the sign of integration. 

The necessary formule in polar codrdinates may be written by 
the student as an exercise. 

For a non-homogeneous solid equation (1) defines the mean 
density which is denoted by 7. Hence for such a solid 


Mass 


— ae 
Volume 


‘ ole: _ Sif racavae 
fav av i ii Hk dzdyax 


Example 1. To find the mass and mean density of a semi-ellipsoid, the density at 
each point of which varies as the cube of its distance from one of the principal planes. 

Let the equation of the ellipsoid be = a + rte ~ ‘= = 1, and consider the part cut 
off by the plane YZ. If the density witice as He 
cube of the distance from YZ, put t= kx’, where k 
is some constant. 

Now the area of any section S parallel to the 
fixed plane YZ at a distance « is a known function 
of . For if we set «=a (that is, a fixed value) in 
the equation of the ellipsoid above, the equation 


of S becomes 
y2 2 x2 
fs {a= 
b2 aa (64 ={ =) 


where now « is to be regarded as constant. Hence the semi-axes of the elliptic 


|, x x ; ; x 
section S are b’= b4/1— —and c’=c V 15 and its area is 7b’c’= 7rbc (1 — “): 
ae as a2 


(5) Mean density =7 
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Regarding the semi-ellipsoid as made up of a number of similar thin slices or 
2 
plates each of area bc (1— = , of density 7, and thickness Az, the mass of one of 
them is approximately 


Am = 7 - 7be (a) 
sg x 
and the whole mass:is M = de dm = Ble kx? « abc (1 — =) dx, 
0 a 
or ares 


The mean density is, by (6), p. 7 


Pee ap tibek a, 


dzdydx — mabe 
ff facie : : 


It is seen that the mean density T and the density 7 are the same in the plane z = 2 : 


Example 2. To find the mass and mean density of the solid bounded by the surface 
x2z2 + a2y? = c2x?2 and the planes x = 0 and « = 2a if the density at each point varies 
as “yz. 


Here r = kayz, and cone over the first octant only, we have 


(= 


Mas fl ae pal ee pee dedyde = 2k fo" ada af 8 (CE) wae 


2a a cty2 
or = =o kf s ia = 2 a®ctk, 
kac2 
and C= erg 
Qa 


10. Application to particular solids. 

I. Thin flat plate (lamina). Suppose the given solid is any right 
cylinder whose base A lies in the plane XY. Sup- 
pose further that the density 7 is a function of x 
and y only; that is, the density is constant along 
any line parallel to OZ, but may be different for 
different lines. =o the height of the cylinder be h. 
Then, by (4), 


u= f i ie rdedydx = -{" dz f if rdedy | 
ah ) uF rdedy, 
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the integration now extending only over the base 4. For the 


volume we have 
V=h f, if dyda, 
A 


and since di aA = aft ge dydz, we may write 


(1) M=h yh TAA. 


Q) V=h af: Se 


Hence (6), p. 7, becomes 
[rea 


| dA 


From the manner in which equation (3) was obtained it is 
evident that it applies to all cylinders, including those whose 
height is very small, that is, to thin flat plates or lamine. For 
such solids (3) is important. Hence 

ip TAA 


fos 


In this formula the density 7 and the element of area (1), 
(2), p. 5, may be expressed either in rectangular or in polar 
coordinates. 

Strictly speaking, density is not a property of a surface or of 
an area. But since any thin flat plate is completely described 
by its surface and the variation of the density upon that sur- 
face, formula (3) is often said to define the mean density of the 
surface itself. As was seen in deriving (3), the thickness of the 
plate, which was taken as constant, divides out. Hence we 
may, if we choose, regard the two conceptions — mean density 
of a thin flat plate or lamina and mean density of an area—as 


interchangeable. 


(3) 7 = 


(4) Mean density of a thin flat plate = 7 = 
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Example 1. Given the parabola a? + ay = a2, to find the mean density of the area 
cut off by the X-axis when the density varies as xy. 


In this case t = kxy, where the absolute values of « and y are to be considered 
regardless of sign, as density is never negative. Hence, by (4), 


fraa Sy) uae 


7= 
faa i dydx 
a : c= . Rae 
i sg yy 2 ket 


Hence the mean density is the same as the actual density at any point the product 
of whose coérdinates equals = ; that is, they are the same along the curve zy = 3° 
which is a rectangular hyperbola, a portion of which is shown in the figure. There 
is a similar hyperbola in the left quadrant. 


Example 2. Given the curve p = asin2 8, to find the mean density of one loop when 
the density varies as p. 


Here we have tT = kp, and the limits of integration are evidently 0 and 7 for 6, 
and 0 and asin26@ for p. The mean density is then, by (4), ie 


f TdA : f i ee 
a dA uh {i pdpdo >K 


J fe papas = Kf tae fo = Ba (sine 2 000 


T= 


ka sin?2@cos26 1 5 Qa%k 
= — | — —————_— — 608 26 ]* = —— 
3 6 3 0 
odd ey asin26@ d a2 
J[fedeao = Pao fo pp ==. 
eee Gra 
T= —. 
OF 


Here we see that the actual and the mean density coincide on the circle whose 


ae LG. Le AT ae 
radius is = , which is indicated by the dotted line in the figure. 
8 


IT. Thin wires or material curves. A rigorous discussion of 
equations (4) and (6), p. 7, as applied to curves or to thin wires 
presents difficulties which are beyond the scope of this book. The 
formule applicable to this case may, however, be derived by the 
following approximate method. 
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Suppose we have a thin wire which differs very little from a 
curve e, its cross sections having a small constant area o. Then if 
As represents a small are of ¢, the element of volume of the wire 
may be taken as Av=oAs. Hence, from equation (6), p. 7, 


reas 


7=~__; 
ap ods 
and since o is constant, 
i Tds 
(5) Mean density of any material curve = 7 = 


fas 


The density 7 and the element of are, ds, may be expressed either 
in rectangular or in polar coordinates. 

Since a thin wire is completely described by its curve and the 
variation of the density along the curve, the expression mean 
density of a curve is often used, although in reality the expression 
is meaningless except as defined in equation (5) above. 

Example l. To jind the mean density of a quarter circumference of a circle 
a2 + y2 = a? if the density varies as w. 

Here r = kx and the mean density is 


dy\? 
From the equation of the curve, ae = 


2 2 
and ajit "= 4/14 Gay ttes se 


a [Chae ices ol =; = kal - peat ale, 


Va 
Similarly 
a 
| dy\ 2 ode _ [s <I a 
1 — dae = a f af =q| sin-!— | = —7. 
i, wa (=) J Vaz — x2 tio 2 
= ka _ 24k 
a Ge —- 
1 lar 7 


It is easily seen that the mean density of the quarter circumference will be the 


Eom ee 2 
same as the actual density at the point whose abscissa is = =a 
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PROBLEMS 


The following list of problems may be used not only in connection with the present chapter 
but also with Chapters II and III when problems are desired for which the answers are not 
given. 


I. CURVES 


1. A straight line of length / has a density which varies as the nth power of the 

. distance from one end. Find the mean density and the point at which the mean 

and actual densities are equal. < Ieln 
Asati : 
1 n+1 


Mean density = Density at a distance 1(n +1) ” from the end. 


2. Find the length of the arc of a sector of the circle p=acos@ between — 0 
and + @. Ans. 8 = 2a6. 


3. Find the perimeter of the cardioid p=a(1—cos@). Find also the mean 
density when the density varies as p. PAN SiS == Olds 


4. Find the length of the tractrix ydz = —(a? — y2)? dy. ZG QS log. 
y 


5. Find the length of the arc of the helix x =acos 0, y=asin 6, z=kaé from 
the origin to 6 = 44. Ans. s= 06,V1+ F. 
6. Find the length of the first spire in the spiral of Archimedes p = ao. 
Ans. s=anrvV1+47? + 5 log (2m +V1+ 477). 


x x 
Ue 
7. Find the arc of the catenary y= 5 (ay a) betweenz=—aanda=a. Find 
va! x 
also the mean density when the density varies ase @. Ans. s=a (< a -): 


8. Find the length of the arc of the parabola y? = 4az included between the 
origin and the point where it is cut by an ordinate through the focus. Suppose the 
density varies as y?; find the mean density and the point at which the mean density 
coincides with the actual density. Ans. s = a[V2 +4 log(1 + v2) ]. 


9. Find the length of the hyperbolic spiral p@ = a between 6 = 55, and = 3, 
Ans. s=14+ logé. 


10. Find the length of the are of the logarithmic spiral p = e*® between the 


points (1, 0) and (1, 61). _pi-l 


Ans. § V1+ a2. 


11. Find the length of a quadrantal arc of the curve x? + y? = ai. 


Ans, $= ae 


2 
12. Find the length of the arc cut off the semi-cubical parabola ay2= 23 by x=a. 


Find the mean density if rT = (1 ae **) a 
a 


2 Vi 13 — 
Ans. pe ESA ue abies Po k. 
27 26 -V13 —16 


13. Find the length of the are of the cycloid «= avers-12 — (2 ay — y2)2 


between two successive cusps. 
P Ans. s= 8a. 
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Il. AREAS 


1. Find the areas of a rectangle and a triangle by double integration. Find also 
the area of a parallelogram two of whose sides meet at an angle w. 


2. Find the area bounded by y=4a+ 5a, the X-axis, and the lines z= 0 and 
«=3a, Find also the mean density if the density varies as 3 a3, 
Ans. A.= 880%, T= $1V8a-k. 
3. Find the area included by y = 22, the X-axis, c= 1 and «=4. Find the 
ordinate y; of the point for which the mean and actual densities are equal if + 


varies as y. he al ee _ 45-1 
a y = — n= 210 


4. Find the area and the mean density of a loop of the lemniscate p? = a2 cos 26 


if the density varies as cos 2 @. az _ ak 
PANTS eA Te 
2 4 
5. Find the area and mean density of a quadrant of the circle 22 + y? = a? if 
the density varies as zy. rigihe ny Ute 
PAN See Any = wis T= rae 
7 


6. Find the area and mean density of a sector of the circle p= acos@ between 
— @and + @ if the density varies as sec 6. 


Ans. A.= 5 (0 + 4sin 26). z= 2k sin 0 


6+ 4sin20 
7. Find the area between the hyperbola zy = c?, =a, x =b, and the axis of X. 
IMS ING SE log >. 


8. Find the area between az" =+ y, x =}, and x=c, wherec>b. 
2a 
m+ 1 


LAN S A 


(hl = bn +1), 


9. Find the area between the X-axis and the curve y2 = 224 + 8 a®y?. 


10. Find the area between the sine curve y = asin = and the axis of X from 
#= 0 tox = ar. Ans. A.= 2a? 


11. Find the area common to the two parabolas y? = 4az and 2? = 4 ay. 
Ans. A.= i$ a2. 


12. Find the area included by y2? = az and «x? = by, and the mean density if r 


varies as Vz. Pras ye es 


13. Find the area and mean density of that portion of a thin plate included 
between the tangent circles p = 2acosé@ and p = 2bcosé@ and the diameter through 
the point of contact, a >b and the density varying as sin?@. 


7 =p, atbte, 


T k 
Ans. A.=—(a?— 0%), T=-. 
= 9 | 4 
14. Find the area between the axes and the parabola 2? + y? = a’. 
a? 


Ans. A.= 
6 
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15. Find the area of a complete arch of the cycloid x=a(@—sin 6), y=a(1—cos@). 
PANS. PAG =o Tare 


16. Find the area between the tractrix ydx = — (a? — y®)2dy and its asymptote. 


5 
Ans. A=. 
2 
: , 8 a3 : 
17. Find the area between the witch y = ie and its asymptote y = 0. 
4 yf 


Ans. A.= 47a’. 


18. Find the area between the first and second spires of the spiral of Archimedes 
p= ag. Ans. A.= 8 a?7?. 
a 
19. Find the area of the segment of the circle x? + y? =a? cut off by the linex a 


2/3 
Ans. i eee = 
S 4 


20. Find the area (a) between the parabola y?=4 ax, the X-axis, and the line 
«=a; (b) between the curve, the Y-axis, and y =b. 


Ans een (b) A.= is 
casa wis > De: 
21. Find the area of the cardioid p = 2.a(1— cos @). Ans; A= Oard2s 


22. Find the area bounded by the semi-cubical parabola ay? = #3 and z= a, 
ANS A. = =a". 


23. Find the area of a sector of the logarithmic spiral p = e® between the radii 


f hi — SH 2aB _ 
or which 6=0 and @=8 ane aoe B ie 
4a 
24. Find the area of the segment of the parabola y? = 4 az cut off by the line 
8y —2%=4a. 2 
Qi Ans. A.= _ 


25. Find the area of the sector of the ellipse b?x? + ay? = a2b? cut out by radii 
through the points whose abscisse are 7 = a and = 3a. Find also the total area. 


3 = é 
Ans, Area sector = = VI + sin-1 : Total area = zrab. 


26. Find the area of the segment of an ellipse cut off by a chord joining the 
ends of the major and minor axes. 


Ang k= . (— 2). 
27. Find the area of the hypocycloid a? + y? = ai. 
(Let x = a cos? 6 and y=asin?6.] 


Ans. A.= 27a? 


28. Find the areas of the three parts into which the curve x2 + y? =a? is 
divided by the curve x? — y? = q?, 
Ans. Area middle part = 2 a[3 sin-1 V2 + log (1 + V2) ]. 
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Ill. VOLUMES. SURFACES 
1. Find the volume of a parallelopiped by triple integration. 


2. Find the volume, mass, and mean density of the sphere 22 + y? + 22 = a? 
where the density varies as the distance from the plane x = 0, 


4 3 kat 
Ree ei Me iin 
3 2 8 
3. Find the volume bounded by the surfaces y? + a2 = 42, y2+ 22 = 3a, 
and z=0. Ans. V.= 2437. 


4. Find the volume and surface of a hemisphere regarding it as a surface of 
revolution. PANES eV iter OP ee Sat are 


5. Find the volume of an octant of an ellipsoid, using the method of Ex. 1, 


ae Ans. Vin a. 


7 


6. Find the volume and surface of the cone formed by the revolution of the 
line Ay = ax around the X-axis, between x= 0 andx=h. 


Ans. V.= ara S.= 7a Vh? + a2. 


7. In Ex. 6, if the density varies as the nth power of the distance from the 
vertex, find M and Tr. 

8. Required the volume formed by the revolution of the curve y = asin = 
about its axis, between = 0 andx=taz7. Find also the mass and mean density 
if r varies as cos~, and the point at which the mean and actual densities are the 

a 

‘ 4k 2q3 3h: 

ae Ans. pu tk. eee an Me = ee. 
37 4 3 

9. Required the surface and volume formed by the revolution of a quadrant 

of a circle about the tangent at its extremity. 


3 
Ans. S.=702?(r—2). V.= | (10 — 87). 


10. Required the surface and volume obtained by the revolution of the tractrix 


y°dx = — (a? — y?)* ydy about the X-axis. Ans. Voi=47a>. Si= 2702. 
6 

11. Find the volume included by 42? + y? + 424 = 4. PNG, ON 3 ecu 
o 


12. Find the volume and surface of a paraboloid of revolution whose generating 
curye is y? = 4.axz, between the vertex and the plane x = b. 


PANTS Vin Ths) ee — [(a + 0)? — a}. 


13. If the density of both the volume and surface in Ex. 12 varies as (a + 2), 
find the mass and the mean density of both the solid and the surface. 


14. Find the volume of the cylinder x? + z? = a? cut by the plane y = 0 and a 
plane through the Z-axis making an angle ¢ with the XZ-plane. 
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15. Find the volume and the surface of the frustum of the cone of Ex. 6 made 


= 2h 
by the plane «= 0. Aya es & b) (2 — bh +B). 
16. A cone of the same base and height is cut from a paraboloid of revolution. 
Find the volume of the remaining solid. Lie u (6 ah — 72). 


17. Consider the.arc of the parabola y? = 4 ax between the origin and the point 
(a, 2a). Find the volume and surface formed by the revolution of the are about 
the line «= a. Ans. V.= 1 7a’. 

18. Find the volume and surface formed by revolving the arc of Ex. 17 about 
the Y-axis. Ans. V.= 27a. 


19. Find the volume formed by revolving the area between the arc of Ex. 17, 
the X-axis, and the line = a, about the Y-axis. 
aye 2 
20. Thearc of thecatenary y = a (ea +e a) between « = 0 and x = ais revolved 
about the Y-axis. Find the surface and volume generated. 
mas 


Ans. S.= 2a?(1— 2). V.=™(e+2-4). 
é 2 e€ 


21. Find the surface and volume generated by revolving the quadrant of an 
: uae : el 
ellipse about the X-axis. Wie Nees rab] ears — ‘|. 


22. Find the volume generated by the revolution of a sector of a circle of 
radius a@ about one of its extreme radii, the angle between the radii being 8. 
Ans. V.= #77a?(1 — cos). 


23. Find the volume generated by the revolution of the cissoid y?(2a — #) = «3 
about its asymptote. Ans. V.= 2 77a, 


24, Find the volume of the sphere 2? + y? + z2 = a? cut out by the cylinder 
2 + y* = an. (Transform « and y to polar codrdinates.] 
Ans. V.= 473 — 1843, 


25. The cycloid « = a(6 — sin 6), y = a(1— cos 6) revolves about its base. Find 
volume and surface generated. Ans. V.= 57°08. 8.= $4702. 


26. Find the volume and surface if the cycloid revolves about its axis. 


2 2 
Ans. V.= mas (== — 3). g.= 5% (87 — 4). 


38 
27. Find the volume and surface generated when the cycloid z = a(0 — sin 6), 
y = a(1+ cos @) revolves about the tangent at its vertex. 
PAGYS SS Vis) 202 tet anes 


28. Find the volume and surface formed by the revolution of the cardioid 
p =2a(1—cos@) about its axis. Ans. V.= Ama’. §.= 128 7a2. 


29. A right circular cone of height h, radius a, and having an apex angle 2w, 
is cut by two planes through its axis inclined at an angle 6. Find the portion of the 


surface cut out. ao 
ATS os 


2 sin w 
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30. Two cylinders each of radius a intersect with their axes perpendicular. 
Find their common volume and the surface of one cut out by the other. 
CA Ste Vie = een OS OA, 


$1. Find the volume and surface generated by the revolution of the hypocycloid 
«i + y§ = ai about either axis. dns. V.i= pe 7a. S.= 12702. 


32. Find the volume of a solid of revolution where the Z-axis is an axis of sym- 
metry and where the area of any cross section perpendicular to the axis varies, 


(a) as (a — 2); (b) as (a — 2)8; (c) as Va — 2?; (d) as sin (a — 2). 


33. Find the volume included by the coérdinate planes and the hyperbolic 


a Gs. ne ee. 


paraboloid y = 6 = Fi 


CHAPTER II 
MOMENT ‘AND CENTER OF MASS, AREA AND ARC 


11. Moment of mass. We shall have occasion throughout this 
volume to make frequent use of the term material particle, or 
particle simply. By a material particle is meant a portion of matter 
so small that it may be regarded, without sensible error, as reduced 
toa point. In other words, it is a weighted point, or a point-mass.* 


The moment of mass of a material particle with respect to a gwen 
plane is the product of the mass of the particle and its perpendicular 
distance from the plane. 


Thus if m is the mass of a particle at a point P and r is the 
distance from a fixed plane Z to P, then the moment of mass of 
the particle with respect to # is rm. 

Again, suppose there is a system of n material particles of masses 


Wine VG gee 
whose distances from Z are respectively 


ate Tap OLN 


n 


Then the sum of the moments of mass of the several particles, 
that is, the value of 
(1) =Irm =rym, + 7m, +--+ 7m, 
is called the moment of mass} of the system with respect to E. 

The idea of moment of mass may be extended to a continuous 
solid as follows. Suppose the given solid S to be divided into 
elements of mass Am, and let a point P be chosen in each element 
according to some law; for example, the centers or corresponding 
vertices of the elements. Let # be a given fixed plane, and let r 
be the perpendicular distance from Z to the point P chosen in Am. 


* Mathematically, a material particle is to be regarded as an element in space having four 
coordinates, x, y, z, and m, the term mass being given to the last. 
+ Since only the first power of the distance enters into the expression for the moment of 
mass, the term moment of the first order is sometimes used as an equivalent. 
18 
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Then if we multiply each element of mass by the distance from 
the plane Z to the point P within it, and take the sum of all such 
products, that is, find Y7Am for the solid, the limit of this sum, or 
(2) ; limit SrAm = [ ram, 

Am=0 es 
is called the moment of mass of the solid S with respect to the 
plane E. The moment of mass will be denoted by C,. Hence we 


= 


have with respect to any plane #, 
(3) Moment of mass = CC}, = if rdm. 


It is important to note that an algebraic sign is necessarily 
attached to r as in analytic geometry of space (Analytic Geom- 
etry, p. 806). That is, it is necessary to assume 7 to be positive 
for all points on one side of the plane Z and negative for all points 
on the other side. 


12. Plane of symmetry. Since the distance r carries with it an 
algebraic sign, the conclusion may be drawn at once that moment 
of mass with respect to any plane of symmetry is zero. For at points 
similarly situated on each side of 2, r has the same numerical value 
but has opposite signs, and since the mass Am of each element is 
the same, the terms of =rAm cancel in pairs and C, = 0. 


13. Standard form of moment of mass. Since each term of 
xrAm is the product of a mass by a length, the sum itself must 
necessarily be the product of a mass, a length, and a numerical 
factor. This is true not only for a system of particles but, by 
(2), for a solid also. Hence the moment of mass may always be 
expressed in the standard form, 

Cy =nML, 
where n =a numerical factor, 1/7 = total mass, and LZ =a length. 
Dropping the factor n, the right-hand side of the equation becomes 
the ordinary dimensional formula, which is usually designated 
by [MZ}. 


* There is no accepted designation for this integral. On account of its frequent occurrence 
howeyer, some simple notation is very convenient. The letter C is suggested naturally on 
account of the importance of this integral in the expression for center of mass, often called also 
center of gravity or centroid. 

+ References to analytic geometry throughout this volume are to Elements of Analytic 
Geometry by P. F. Smith and A. S. Gale (Ginn & Company). 
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14. Solids. Rectangular codrdinates. In rectangular coordinates 
Am = TAzAyAz (p. 6), and if we choose in turn each coordinate 
plane as the fixed plane #, then 

when is XY, 7 =, 
when HisXZ, r=¥y, 
when Bais.) 2. f= 2. 
< Hence the fundamental formule 


for moment of mass in rectangular 
coordinates: 


Coy = f 2am = | [ [ r2aeayac. 
I CT. = [vam = [| [ reazayan. 
Cs = {yam =| | [ ryazayac. 


By the aid of equations I it is easy to find the moment of mass 
of a solid with respect to any plane # whose equation in the normal 
form (Analytic Geometry, p. 348) is 


xcosa+ycosB+zcosy—p=0. 


For let 7 be the distance from the plane # to the point P(a, y, 2). 
Then (Analytic Geometry, p. 357) 


(1) r=xcosa+ycos8+zcosy—p. Hence 


fram =f» cos adm +fy cos Bdm + fe cos ydm — [pam 
=cosa f adm-+ cos 8 f yadm-+ cosy { 2dm—p { dim. 


(2) .. Oy = cos a0,, + cos BC,, + cos yC,, — pM. 


Hence, if we know the moments of mass with respect to three 
mutually perpendicular, intersecting planes, chosen as the codrdi- 
nate planes, the moment of mass with respect to any other plane 
may be found by equation (2). 
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Theorem. The moment of mass of any solid with, respect to a 
plane E whose equation is given in rectangular codrdinates, is found 
as follows. 

First step. Reduce the equation of E to the normal form.* 

Second step. Replace each codrdinate by the moment of mass with 
respect to the corresponding codrdinate plane, and replace p by 
p times the total mass of the solid. The value of the right-hand side 
of the equation gives the desired moment of mass. 

Illustrative example. Required the moment of mass of a rectangular parallelopiped 


of density 1 with respect to the plane E whose equation is 2a —y+2z+3=0; the 
parallelopiped being bounded by the codrdinate planes and by =a, y=b, z=C¢. 


The moments of mass with respect to the YZ-plane are given by I, p. 20, 


a bape 2 ; 
Cyz = if af | edzdydx = aibe = Ma 
0 v0 v0 2 2 ’ 


(Since the total mass M = abe.] 


Similarly Cx = a ee 


and.) CZ) = :s 


The equation of # above reduced to the normal form is 
—2x+ty—2z2-1=0. 
Hence, by (2), p. 20, the moment of mass with respect to # is 


2Ma  1Mb 2Me 


a 
= o 3. $3. 3.2 


—M=T(b-2a-2e-6). 


15. Moment of mass with respect to an axis or a point. In a manner entirely 
analogous to the definition of Cy above, we may define the moment of mass of a 
solid with respect to a line or a point. Thus the moment of mass with respect to 
the X-axis is 


(Cy = {ram = {VP + 22dm, 


where 7 in the general formula becomes the distance from P(z, y, z) to the X-axis. 
Similarly the moment of mass with respect to the origin is 


Co= f VB +P + adm. 


However, in the case of solids, moments of mass with respect to lines and points 
are relatively unimportant; the important case being moments with respect to 
planes, usually the codrdinate planes. 


* The equation of a plane is reduced to the normal form as follows (Analytic Geometry, 
p. 350). Divide the equation of the plane by +VA?+ B2+C*. The direction cosines of the 
normal to the plane are respectively A, B, and C divided by + V 42+ B2+ C2, The sign of the 
radical is opposite to that of D, —the same as that of C if D =0, the same as that of Bif C= D=0, 
or the same as that of 4 if B=C=D=0. 
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16. Center of mass. Consider the equation C,, = | vdm, which 


defines the moment of mass with respect to the YZ-plane (I, p. 20). 
Evidently there exists a distance % such that C,,=%M, where 
is the total mass of the solid. Similarly we may write C,,= 7M 
and C,,, = 2M. Hence there exists a certain point P(z, 7, 2), whose 
coordinates are defined by 


1 r= Ge i CA Z i * Cs 
(t) To ee ~ M 


(2) Let 7=Zcosa+ 7 cos 8+2Z cos y — p be the distance from the 
plane # whose equation is xcosa+ycos8B +zcosy—p=Q0 to 
the point P. The moment of mass of a single particle of mass 
M at the distance 7, with respect to the plane Z, is (p. 18) 


(3) Mr = MZ cos a + M7 cos B + MZ cosy — pM. 


Also, by equation (2), p. 20, the moment of mass of any solid 
with respect to the plane 7 is 


(4) Cz =C,, cosa + C,,cos8 + C,, cosy — pM. 


If we replace 2, ¥, 2 in (3) by their values in (1), the right-hand 
members in (3) and (4) become identical and we have 


(5) C, = MF. 


That is, a single particle of mass M at the point P(z, 7, 2) has 
the same moment of mass with respect to the plane # as the 
original solid. The point P(%, 7, 2) is called the center of mass of 
the solid. 


Theorem. Jn every system of particles or in every continuous solid 
there exists a point P(2, 7, 2) at which, if the whole mass of the system 
of particles or of the continuous solid is concentrated into a single 
particle, the moment of mass of this particle with respect to any plane 
is the same as that of the original system or solid. 


The position of the center of mass P(2, 7,2) is independent of 
the choice of axes. It may be regarded physically as the average 
position of the matter which is contained in the given solid or 
system of particles. 
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Formule for center of mass in rectangular codrdinates : 


Txdzdydx [ff ryacayax 
Il _ ee _ hhh manta ne OL aaa ee 
M ; cy iy ; 
Tdzdydx [ff ravtuaw 
Tedzdydx 
mee ares 


J 
| [ [racavae 


If the solid is homogeneous, 7 is constant and divides out. 
From equation (5) we obtain 


1 


(6) =e 
which gives the distance 7 from any plane E to the center of mass. 


17. Principle of symmetry. Centroidal planes and lines. Since 
the moment of mass with respect to a plane of symmetry (p. 19) 
is always zero, it is clear that the center of mass must lie in such 
a plane. For in equation (6), ; 


r=—, 


M 
r is the distance from the plane Z to the center of mass, and if # 
is a plane of symmetry, C, = 0 and hence 7 = 0; that is, the center 
of mass lies in the plane. 

It is also evident that if a homogeneous solid is symmetrical 
with respect to two planes, it is symmetrical with respect to the 
line formed by their intersection. Such a line is an axis of sym- 
metry and passes through the center of mass. The intersection of 
two axes of symmetry is a center of symmetry and this point is 
the center of mass. Thus the center of mass of a homogeneous 
right circular cylinder lies on its axis halfway between its bases. 
The center of mass of such solids as a homogeneous cube, ellipsoid, 
sphere, etc., is at the geometrical center * or center of volume. 


* By geometrical center is meant a center of symmetry, that is, a point bisecting all chords 
of the solid passing through it. 
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The center of mass is often called the centroid of the body, and 
planes and lines passing through the centroid are called respec- 
tively centroidal planes and centroidal lines.* Every plane or line 
of symmetry passes through the center of mass or centroid, but 
not every centroidal plane or centroidal line is a plane or line of 
symmetry. 


18. Illustrative examples. 

1. Homogeneous right cylinder. Given any homogeneous right 
cylinder of height h whose base is in the plane XY. Let A 
represent the area of the base and V the volume. Then we have, 
I, p. 20, 


h h2 
Cay = 7 ff [ edadyae es ae zae| fl aeay| = Seca 
0 
A 
[since [ fandy is the area of a section of the cylinder for z= constant. | 


or 


oe h 
Til Cxy =T EI = Mz. 


Theorem. The moment of mass of any homogeneous right cylinder with respect to 
the plane of its base is equal to the product of the total mass M by half the altitude. 


If the point O is the center of symmetry of the base A, then OZ is an axis of 
symmetry and Cy, = Cy, = 0. 

Center of mass. If OZ is an axis of symmetry, % and 7 of II, p. 23, are evidently 
zero. But 


Iv ae Cry = 2 h 


Theorem. The center of mass of any homogeneous right 
cylinder having an axis of symmetry lies on the axist at a 
point halfway between its bases. 


2. Homogeneous right cone or pyramid. Let the figure 
represent a homogeneous cone whose base is in the X Y-plane 
and whose altitude ish = OH. Also let 8 be a section parallel 
to the base B at the height OP =z. Then if OZ is an axis 
of symmetry, Cz, = C,, = 0 and 


art males ae IN 


* Throughout this work the term center of mass is used in preference to either of the terms 
center of gravity or centroid. The adjective centroidal, however, applied to planes and lines 
which pass through the center of mass, is very convenient and does away with an awkward cir- 
cumlocution, all the more objectionable because of its necessarily frequent repetition. 

+ The axis of any homogeneous cylinder is the line drawn through the center of symmetry 
(p. 23) of the base parallel to the elements of the cylinder. 
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But if af dxdy = area of section S at height OP = z, 
Ss 


and area B: area S = (OH)?: (PH)? = h?: (h — z)2. 
— 2)? 
Hence g= 50, 
and 
Br * Brh? h 
V = h — 2)*z = ———_ = M—. 
ov = Fa J, tb — eede => ea 


Precisely the same reasoning applies also to a pyramid. 


Theorem. The moment of mass of any homogeneous right cone or pyramid relative 
to the plane of its base is equal to the entire mass times one fourth its height. 


Center of mass. The center of mass is given at once by the formule II, p. 23. 
Evidently C,, = C,,=0, and hencet=y=0. But 


ue 


VI ee ea ce 


Mo saat 4. 

Theorem. The center of mass of any homogeneous right cone or pyramid having 
an axis of symmetry is situated on the axis* at one fourth the distance from the base 
to the vertex. 

3. Solid of known cross section. Let figure represent a solid whose cross sections 
parallel to a fixed plane are known as a function of the 
distance from that plane. This general class of solids 
includes prisms, pyramids, solids of revolution, and 
many others. Take the plane XY as the fixed plane. 
Then the area of a cross section parallel to XY at a 
distance z is, by hypothesis, a known function of z, @(z). 
Hence, if the solid is homogeneous, the moment of mass 
with respect to the plane XY is (I, p. 20) 


Cy = f ia 1 redadydz = T i tae [ if ii aeay |. 


But  favay = area of any section S for which z is 
constant. Hence { dxdy = $(z) and 


h 
(1) C= rf z+ (z)dz. 


h 
(2) Since Me=r ak $ (2) dz, (cf. Ex. 1, p. 7) 
0 


the center of mass is given by 


M ['o@a 


Assuming, as before, that z is an axis of symmetry, =y=0. A single integra- 
tion is sufficient to determine either C,, or M. 


h 
Cae f Zp (Z) dz 


(3) a= 


* The axis of any homogeneous cone or pyramid is the line drawn from the center of sym- 
metry of the base to the vertex. 
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Since the directions of the codrdinate axes are arbitrary, it is evident that z in 
(8) may be replaced by either x or y. Thus if the fixed plane is designated by YZ, 
the area of any cross section parallel to YZ is ¢(x). That is, we may have 


a b 
o,f, e@)ade co. J, # udu 
(4) x Jo or y — 2 A 


a b 
Mo ['e@a i f ea 


When the solid is not homogeneous the formule are slightly modified. Thus in 
(1) and (2) if 7 is also a function of the distance from the fixed plane XY, 


(5) Cay = [r8 (2) zdz 
and : 
(6) M= f Th (z) dz. 
h 
é _ Th (Zz) 2dz 


M a 
J TH (z) dz 


where z may be replaced by @ or y as before. 


Again, if 7 is a function of x or y, or x and y, (1) becomes 


: h h 
(8) Cry = { ‘ade [ f fravey | =f w (z) zdz, 
S 
where now yw (z)= fraxay is known and the formulz corresponding to (6) and (7) are obvious. 
Theorem. Jf the areas of parallel cross sections and the density at each point of a 


solid are known functions of the distance of these cross sections from a given plane EB, 
then the distance from E to the center of mass is given by 
if Tx (z) dz 


[red @)ae 4 frug@ay 
|r (x) dz ; 


VI «& = ———————__,, or 9 = —————__ , or 
[re@ dx | recay 

according as the given plane # is YZ, ZX, or XY. The important point is that 

in VII only two integrations are necessary. 


The following examples 4-6 are particular cases of VII. 


al 


4. Homogeneous ellipsoid. Take the equation of the ellipsoid as 
e2 y2 2 
eae lh ae FT 
a b2 4s Pe) 
and consider the part to the right of the plane YZ. 
x It is evident from the symmetry of the figure that 
Czy = Cz, = 0. Cy, is obtained as follows. 
The area of any cross section S parallel to YZ 
2 
is (p. 7) wb’c’ = mbe (1- =): 
q2 


Se, 


XX 


= 


Allin 


s 
| 


MOMENT AND CENTER OF MASS 27 


2 
Hence in VII, p. 26, we have ¢ (x) = mbe (1- "): 
a2 


b “(1 — ) xde 
oe ef a? _itmatc 8 


Hd = TTA0C 
rmbe [ 1— —) dz be 
0 a 


It is evident that 7 = Z = 0 from considerations of symmetry. 


5. Solids of revolution. A solid of revolution is a less general case of VII, 
but one, however, of great importance. In the case of such solids the problem of 
finding the moment and center of mass is consider- 
ably simplified. We need not discuss the general case, 
as the following typical example will make plain the 
process to be followed in all. 

Given the paraboloid formed by the revolution of the 
curve y? = 4ax about the X-axis, to find the moment and 
center of mass of the portion cut off by the plane x = b. 


Suppose the density varies as the distance from the 
plane z= 0. 

Hence T= k(b—2). Thecross section S being in this case a circle of radius y, 
we have ¢(z) = 7y2=7-4ax. Hence, by VII, 


i "E(h — ) (aw 4 a) ede ‘ 
i b EN 
ff k(b — 2) (+402) dx 


Also 7 =Z=0 by symmetry. The mean density (p. 7) is 


b 
{ k(b — x) (7-4 ax) dx b 
vi) 


; = 
ds aw -4axdx 3 
0 


6. To find the moment and center of mass of the homogeneous solid formed by the 
revolution of the cardioid p= 2a(1+ cos 8) about the X-axis. This example illus- 
trates the use of polar codrdinates. Since OY is an axis of 
symmetry, in VII, $(x) = 7z2=77- p*sin?6. Alsox=pcosé 
and dz = dp cos@ — psinédé. Since @ varies from 0 to z, 
we have, by VII, 


k. 


7= 


rT 
if a + p?sin?@ - pcos 6 (dp cos 6 — p sin édé) 


v0 


i ifee 


i mp? sin? 4 (dp cos 6 — p sin 6dé) 
0 


From the equation of the curve, de =— 2asinédé. Substitute for p and dp their 
values in terms of # and simplify. 


7 
2a iE (1 + cos @)3 (1 — cos?) (2 sin 6 cos?6d0 + cos @sin 6d#) 
- 0 
4 =— . 
1 “a + cos #)?(1 — cos? 6) (2 sin @ cos? @dé + cos @ sin @dé) @ 
0 
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When the parentheses are expanded and multiplied together the integration term- 
wise becomes very simple. 


As an example of a case where there is no plane of symmetry consider the fol- 
lowing problem. 


7. To find the moments and center of mass of the homogeneous solid bounded by 
the surface z2 = xy and the planes x = a, y=}, and z= 0. 


Cory = fzam = ant dzdydx = ail nh ie Sear ar = = ie 


Similarly we find 


5,3 3,3 
Cy =T ps a8d?; Cy =T bai; M=470%?, 


Ed, 


and hence the center of mass is 


= Cy. 3 = Cr 3 = Cay 9 i 
EE Sy oe ea 
7) hha oo 8. ee ee 
PROBLEMS 


1. At each corner but one of a unit cubical frame without weight are situated 
material particles of equal mass. Find the moment of mass with respect to any 
side of the cube; also find the center of mass, assuming the 
origin at the unweighted corner. : 

Ans. ©=Y=Z=+%. Mom. of mass = 3m or 4m. 


vf 2 


2. Find the center and moments of mass if the particles 
have masses proportional to the numbers beside them. 

3. Find the center of mass and moments of mass of a 
hemisphere whose density varies as x”, assuming the base in 


the YZ-plane and the origin at the center of the base. Ans. & = 34a. 
4. Find the center of mass of the cone formed by revolving the line hy = ax 
around the X-axis between « = 0 and = h. Ans. & = ¢h. 
5. Suppose the density in (4) varies as the nth power of the distance from the 
vertex ; find the center of mass. — n+3 
2 DS : 
6. Find the center of mass of an octant of an ellipsoid. n+4 


Ans. G=}3a; ¥=26; Z=2e. 

7. Find the moments of mass and the center of mass for the solid included by 
the surfaces y? ++ 42 = 42, y2+02=32, andz=0O. 

8. The area bounded by the lines y=0, a=a, and the curve y2 = 4az is 
revolved about the Y-axis. Find the volume and the center of mass of the solid 
formed. Ans. Y=a. 

9. Find the moment of mass of an octant of an ellipsoid of density 1 with 
respect to the plane whose equation is 4a —3y+2—2=0. 

mabe 
Ans, Cz = —(12a—9b+ 3c —4): 
12 V6 
10. Find the moments of mass of the hemisphere in Ex. 3 and of the cone in 
Ex. 4 with respect to the plane whose equation ist —y+2z—3=0. 
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19. Moment of area. The definition of the moment of area of 
any surface, plane or curved, is precisely analogous to that already 
given for moment of mass (p. 18). The given surface is divided 
into elements of area AS, and a point is selected in each element. 
Then supposing AS to approach zero, the limit of the sum of the 
products formed by multiplying each AS by the distance r of the 
corresponding point from a fixed point, axis, or plane H, is called 
the moment of area with respect to the point, line, or plane as the 
case may be. That is, 


(1) Moment of area of any surface = limit ZrAS = if rds. 


AS=0 

In the applications of equation (1) we shall use 4 for plane areas 
and S for curved areas only. 

The most important case of moment of area of a plane surface 
is that with respect to axes lying in the plane. Results may always 
be put in the following standard form: 

(2) Moment of area = nSL. 

The moment of area relative to an axis of symmetry vanishes 
because of the algebraic sign which must be attached to 7, positive on 
one side of the axis and negative on the other. 


20. Calculation of moments of a plane area. 

Rectangular coérdinates. Using rectangu- 
lar codrdinates in the plane of the area and 
denoting by C, and C, the moments with 
respect to the axes of XY and Y respectively, 
we have at once by definition, 


VI Co= [ua =| fvavay; o,= [aaa =[[raray. 


Polar coérdinates. In polar coérdinates we have, approximately, 
AA = pApA@ (p. 5), and by reference to the figure it is seen that 
«=pcos@ and y=psin@. Hence the formule for moment of 


Co= [{u-papa= ff p'sin® apag; 
C; = | [©-papao = [fe cos 6 dpdé. 


area become 


IX 
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21. Center of area. The center of any plane area is defined by 
formule analogous to those for center of mass, II, p. 238. If the 
plane of the area be chosen as the X Y-plane, we have as formule 
for center of area 


adady yadxady 
cy J a Cx i a 


X c= SS Y= = 


A A 
[fava dxdy 


It may easily be shown that an equation similar to (6), p. 28, 
holds for areas. That is, the perpendicular distance from any line | 
to the center of area is 


(1) Fa. 


In polar codrdinates equations X become 


i p’cos8@ dpdé : fe sin 6 dpd@ 


Xl Z=pcos§ =~, y=psind= 
i padpdaé ji pdpdé 


22. Center of mass of thin plates. A thin plate or lamina may 
be regarded (p. 9) as a cylinder of very small height or thickness h, 
density 7, and area of base 4. The mass of an element of such a 


solid may be written 
Am = T°: AAA. 


Taking the XY-plane as the plane of the plate, and assuming it 
to be homogeneous, the formule II, p. 28, become 


en 5 ee [faery 


Mo ‘ - ; 
; a ul dady ae i ff dady 


(by IV, p. 24). In the present case z is very small, so small in 
fact that it is usually assumed equal to zero. The values of x and 
y are the same as for a plane area. Hence under the given con- 
ditions we may say that for homogeneous thin plates or lamine 
centers of mass and centers of area are identical. 


fi 


al 
I 
bo | 
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23. Illustrative examples. 


1. Homogeneous plane triangle. Let there be given any plane triangle ABC 
and let the base AB be chosen as the axis of X and the median from the vertex 
opposite the base as the axis of Y, the 
axes thus chosen making an angle a 
with each other. Also let AB=2aand 
OC =l. Then the equation of AC is 


a(y — 1) 


Cpa i= Ob) OF 2 = ; 


ANY) 


itil) 


Via 
a(l—y) Cs MALI PII PELL LL (4,0) 


1 DED 


and the equation of BC is 


aytle=al or c= 


Any element of area is given by AA = AyAzvsina; hence for moment of area 
relative to the X-axis we have 
Cn iB TOA a y sin a: dydx sin a 


+5¢ ah) 
al? oe 
= sin? 2a [ =e ydxdy = 
0 /—Sa-y 


C, = 0 by symmetry. The area of the triangle =a-/ sina, and hence in the 
standard form C, may be written 


lsina@ ; lsina 
-alsina = 


Cr = A, 


13) 
‘ l . fe 
which becomes C; = =A in rectangular coordinates. 
vo 


In finding the center of area, it must be remembered that the formule derived 


on p. 80 are for rectangular codrdinates. The perpendicular distance from the 
CG, Using 


A-axis to the center of area (0, 7) is aos (p. 80). Since this distance, in 
vo 
the present example, is also equal to y sina, we have 
sat l 
XII ysing Be ox y= = 
3 3 


Theorem. The center of area of a plane triangle, or the center of mass of a homo- 
geneous triangular plate, is situated in the median from the vertex to the base and is 
one third the length of the median from the base. 


2. Circular sector. Let the equation of the circle in polar coérdinates be p = a, 
and take the line OX bisecting the angle AOB = 2 ¢ of the sector as the axis of X. 
For @, the limits of integration are evidently — ¢ and ¢; for p, 0 and a. 

Then, by IX, p. 29, the moment of area C, is 


+o a ae +o 2 ri 
C= fi “e p? cos 6 dpdé = ws cos 6dé = ao an od. 


A 


The area of the sector is PAR J ah pdpdé = ad, 


sin 
B and hence the center of area is = sa g Sri: 


p 
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8. Segment of an ellipse. Let the given segment of the ellipse whose semi-axes 
are a and b be that cut off by the quadrantal chord AB. The equation of the 
ellipse is 22b? + a2y? = a%b2, and the equation of the chord is ay = b(a — x), where 
y= DPandx=KP. Hence the Ese of area with respect to y is 


iN aes a b b 
= dydx = 2 2 as 
C= {he oe adydz 3 li a? — 2 qi 2) | ede 
b ba2 bx ]4 
=|]-— 2 _ 92)2 ze 5 
| meh SS al 6 


Vana ba 
Similarly C,= ip dx fo ydy = rae 


Be) 


The area of the segment is 


a b re ab 
A=-— Vaz — 22d 2) dx = —(3 — 2). 
oi" a? — a2 dx af (a ) ra ) 


Hence the center of area is at the point 
2a te 


RS (sla) ea Grey 
If problems 1, 2, 8 concerned homogeneous thin plates of the same forms as 
the areas, the process of solution and the results would be the same as those given 
above for the areas. The formule were shown to be the same for homogeneous 
plates and for areas on p. 30. In case the plates are not homogeneous they are to 


be treated as non-homogeneous cylinders. 


PROBLEMS 


1. A regular hexagonal frame of negligible mass has five equal masses situated 
at the middle points of five sides. Find the moments and center of mass if the 
unweighted side coincides with the Y-axis. 

2. Find the center of area of the triangle OAB in the circular sector, p. 31. 

Ans. ¥=0; ©=2acos¢. 

3. Find the center of area, (1) of a quarter circle in the first quadrant ; (2) of 

one sixth of a circle, supposing the X-axis to be an axis of symmetry. 


ee: 2 
Ans. (1)E=—"=9; (2)2 =", =O. 
oT 7 


4, Find the center of mass of a quadrant of a homogeneous elliptical plate. 
4a. 4b 


Ans. % === 
37° sos 37 


5. Find the center of the area bounded by y = a sin* and the axis of X between 


r= OLAN Crum Care x a 
Ans. €=1ar; y= tar. 


6. A thin plate whose density varies as (h? — a2)~ 2 is bounded by the lines 
y=at,y=0,andz=h. Find its center of mass. Ans. % = imh; y¥ =} 7ah. 
7. Find the center of the area bounded by y2? = 4axz, y=0, andz=b. 
Ans. 7=3b; y=? -Vab. 
8. Find the center of the area bounded by the hyperbola zy = c?, x= a, x=), 
and y = 0. ya b—a a c? (b —a) 


IGE, C= = : 
logb — loga 2 ab (log b — log a) 
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24. First theorem of Pappus and Guldinus. Let there be given 
a plane area bounded by any curve. The center of area is given 
by equations X, p. 80. Suppose now that this area is revolved about 


the X-axis; the volume generated is V = i if 2mydxdy. The path 


described by the center of area is a circle whose circumference is 


9 
a 1, fi ydady =" , 


or the length of the path described by the center of area is equal to 
the volume generated, divided by the area in question. 

This proposition is useful for finding the volume of a solid of 
revolution when the area in question and its center of area are 
either known or may be found more easily by direct integration 
than the volume itself. Conversely, if the volume and area are 
known, the center of the given area may be found. 


(i) ny = 


For example, to find the center of area of a semi-circle having the X-axis as a diam- 


‘ : : ard Ae 
eter: ifa is the radius of the circle, the area is s and the volume is 3 ma. Hence 


47a8 4a 
27y =- or Y=- 
Ta? om 
2 


25. Moment and center of area of any curved surface. The gen- 
eral formula for the moment of area of any surface has already been 
given [(1), p. 29]. For any curved surface referred to rectangular 


coordinates 
a 2 o 2 
AS= V1 + a + & Ardy, 
ox cy 


which being substituted in equation (1), p. 29, gives 


d2\? 0z\? 
S 


: : : =  ¢, 
The center of area is evidently given by 7= | etc. 


For curved surfaces the important moments are those with 
respect to planes. 
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26. Surfaces of revolution. Let the axis of X be the axis of revo- 
lution and the generating curve y=f(z). Also let As be an element 
of are of the generating curve. Then during the revolution of 
y=f(x) about X the element of arc As will generate a small 

Y strip or elementary area AS! of 
the surface, which is approxi- 
mately the surface of a frustum 
of a cone of revolution. Since 
the slant height is As and the 
radius of the median section is 
y, we have AS! = 2 ryAs, which 
is more nearly correct the smaller As is taken. The elementary 
moment of area with respect to YZ is approximately * 


2AS!' = 2 ryzAs, 
[Since w is approximately the distance from any point of AS to YZ.) 


and the moment of area of the entire surface is the limit of the 
sum of all such moments; that is, 


Moment of area = limit =zAS’ = 2 7 limit ZzyAs, 
As=0 


or C,, = [ nas’ = 2 mf ays 


Theorem. Zhe moment of area of the surface of any solid of revolu- 
tion with respect to a plane YZ perpendicular to its axis ts given by 


dy\? |? 
XII Cy, = 27 | cyds = 27 1+ rie xydx, 


where OX is the axis of revolution and y = f(z) is the equation of 
the generating curve. 


* The value of Cy, may be found directly from the general definition (p. 33) as follows. By 
“definition we have approximately, 


Cz\2 /Oz\272 
Cys = ZEAS = 33x [2 a (=) 4 (=) | sea, 
G2. cy 
the double summation indicating that both w andy vary. Calculating this sum for any constant 
value of x, we have Cy,= =x -SAS. But AS is tHe area of the strip SAS= AS’ = 2myAs gener- 


ated by the element of arc AS as the curve y =/(x) is revolved about OX; that is, SAS=2 yas. 
Hence approximately C,z= 3x7 -27yAs, as above. 
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Illustrative example. Find the moment and center of area of the surface of a 

hemisphere. 
Let the equation of the generating circle be 22+y2—=a?. Consider the hemisphere 
dy _ 


to the right of the YZ-plane. Then ee “and from XIU, a 
dx y 


a Paer aT 
dy\ 2 
6. = ie adS =27 \ - (=) xyde = 27a if ada = ma’, 
in ax, 
The center of area is then at the point 7 = 0 


and . 4=—-=>- -= 
Ss 2 Ta* 


Cy: mas a 
2 


It should be noted that in this case the center of area is a point outside the sur- 
face itself, and this is usually the case with arcs and curved surfaces. ’ 

Exactly the same relations hold between the formule for curved surfaces and 
thin shells as between those for plane areas and thin plates, p. 30. 


PROBLEMS 


1. Find the moment and center of area of the surface of the cone formed by 
the revolution about the X-axis of the segment of the line hy = ax included between 
the origin and z= Ah. Ans. Cy = }rah Vh2+ a; T=zZh. 

2. Find the center and moment of area of the surface formed by the revolution 
of a quadrant of a circumference about a tangent at its extremity. 


a 
cAgISaa == . 
2 7—2 
3. Find the center of mass of the first octant of a thin spherical shell whose 
density varies as z, the origin being the center. ee ie a AC, 
yi ’ 8 § Ses UR cr get se 
oT 


4. Find the center of mass of a thin homogeneous shell which is that portion 
of the surface of a right circular cylinder xc? + 22=a?, cut out by the planes 
Retain 2-0, and d— 0: 


5. Find by the theorem of Pappus (1) the center of area of one fourth of a circle 
in the first quadrant ; (2) the volume generated by revolving the circle («—a)?+y?=1? 
about the axis of Y. 4a. 


27. Moment and center of arc. The definition of moment of 
arc should be evident from the preceding definitions of moment of 
mass and moment of area. Let a given curve be divided into ele- 
ments of arc As, and let 7 represent the distance from a given point, 
line, or plane to a point suitably chosen in each element. Then 


As=0 


(1) Moment of arc = limit 2rAs = if rds. 
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Results may always be put in the standard form = nsZ, where 
s = total length of are and ” and L are as before. 

The center of arc is defined in exactly the same way as center 
of area and center of mass. 

In rectangular codrdinates the moments of arc fora plane curve are 


XIV Cx = [ vas; C, = [vas. 


The center of arc is given by 


[eas [ues 
; I= ; 
fos 


where ds may be expressed either in rectangular or in polar 


XV c= 


coordinates. 
If we consider a material curve such as a thin wire, 


Illustrative example. To find the moments and center of arc of a quadrant of 
the hypocycloid ai + ys = al, 
Consider the part of the curve lying in the first quadrant. The limits of inte- 
gration are 0 and a. Hence 


Be a 3 bs dy 2 
Cy=f ats = i+ () xdx 


s kee 
3 


a yi 2 
Zz 3 : 
-{ V" FY ede = ob f "abd = * oe. 
0 ai 0 5 


Similarly C,=2a?. Also s = {as = 3a. 


Hence the center of arcis ©=Y = 2a. 


Ya 


28. Second theorem of Pappus and Guldinus. Let there be given 
any plane curve, say in the YY-plane. An element of the curve is 
approximately As = (Az? + Ay’)?. Now suppose the curve to revolve 
about the X-axis. Its center of arc will describe the circle 2 7y, 
which from equations (XV) is equivalent to 


— War Qo dy\? 
1 Vaya yds eo. 
(1) vo 8 fy . 8 ap : +(e) uae 
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But the numerator of the right-hand member of this equation 
is the surface of revolution generated by the curve as it revolves 
about OX. Hence 


RK 


A 


(2) 2ry¥ = 


~ | 
: 


That is, the length of the path described by the center of are of 
the curve is equal to the area of the surface generated, divided by 
the length of the curve. Evidently a similar relation holds for 7 when 
the curve is revolved about the Y-axis. 

Hence, if two of the quantities S, s, and 7 are known or may 
easily be found by direct methods, the relation (2) enables the 
third to be calculated very simply. 


29. Principle of combination. If a solid consists of two or more 
parts, we may, so far as the moment of mass is concerned, regard 
the mass of each part as concentrated at its center of mass (p. 22). 
The center of mass of the entire figure is found by considering the 
several centers of mass of the’parts as a system of particles whose 
masses are the masses of the corresponding portions of the solid. If 
a portion is cut away, the mass of that part is considered negative. 

Suppose a solid S of mass J is composed of two parts, S, and S,, 
of masses m, and m, respectively. Also let P(z,%,2), Py(%,»2,), 
and P,(Z,, J, Z,) be the respective centers of mass of the solids 
S, S,, and S,. Evidently the moment of mass of S with respect 
to any plane equals the sum of the moments of mass of S, and 8, 
with respect to the same plane. Taking moments with respect to 
the codrdinate planes, therefore, we have 


ME =M,2, + MZ, 
(1) MY = MY, + Moy 
Mz = M,Z, + ™,2,. 

Since M=m, +m, we find, by solving, 


mr, * Mov, A Y x mY ae MY * Z — 


M,Z, + M,Z, . 
> bd 
Mm, + ™M, m,+™M, m,+™, 


@) == 
By comparing with Analytic Geometry, p. 835, it will be seen 
that equations (2) are identical with those defining the coordinates 


2 


of a point which divides a given line in the ratio X= 


mM, 
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Theorem. Jf P, and P, are the centers of mass of two solids 
S, and S,, of masses m, and m,, the center of mass P of the solid 
formed by combining S, and 8S, lies on the line joining P, and P, 
and divides it in the ratio 

aig’ vie 


PE i; 


Illustrative example. It is required to find the center of mass of the remainder 
of a circular plate of radius 2r after a plate of radius r has been removed as indi- 
cated in the figure. Assuming the plate to be homogeneous, 
the mass of the part removed is one fourth the total mass me 
and is to be taken as negative. Let P be the center of mass 
sought. Then we have 


= 2 
my =— Trr?, 


Me =4T7rr?, 


M =r (47? — r*) = 3779, 
Substituting in equations (2), we obtain 
— Trr?-7 + m2:0 ip 


in = : 
9 


OTT 3 


Both 7 and Z are zero by symmetry. Hence the center of mass lies on the axis 
of X, tr in the negative direction from the origin. 


PROBLEMS 


In the following list of problems the results for moments of mass, area, and arc are not given, 
although they must of necessity be found since they occur as numerators in the expressions for 
centers of mass, area, etc. 


I, ARCS 


1. Find the center of are of a sector of the circle p =a between — 6 and + @, 
and from this derive the results for quadrantal and semi-circular arcs. 


asin 6 
PALS RD am - For quadrantal arc 6 = * and = 4 se 
0 4 7 V2 
For semi-circular arc @ = : and % = oo) 
7 


2. Find the center of mass of a thin straight wire of length a whose density 


varies as the nth power of the distance from one end. eee ete 
ANS a 

n+2 

3. Find the center of arc of the perimeter of the cardioid p = a(1 — cos@). 
ANS. Ci — En 


4. Find the center of are of the cycloid « = avers-14 — (2ay — y?)? between 


two successive cusps. Da 
ANS — Wana Soa 
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5. A wire whose thickness varies as the distance from the middle point is bent 
into the form of a cycloid. Find the center of mass, taking the origin at the middle 
point of the wire and the axis of the cycloid as the X-axis. Ans. y=0; =a. 


6. Find the center of are of the catenary y = “(ea + 6. «) between 2 =a and 
e=— a. ? e+4e2—1 
“4e(e2—1)— 

7. Find the center of are of the helix =acos@; y=asin@; z=kaé from 
the origin to 6 = 4). yea oe y= a(1 — cosé) ae kao 

0 0 2 

8. Find the center of the are of the parabola y? = 4 ax included between the 
origin and the point where it is cut by an ordinate through the focus. 
a8v2—log(i+v2) __ 4a 2V2—1 
4 /2 + log(1+ V2)’ os V2 + log(1 + V2) 


ANS: 7 = 


ARS E= 


II. PLANE AREAS : 


1. Find the center of mass and the mean density of a rectangular plate whose 
sides are 2a and 20, if the density varies as the distance from the side 2b. 


{Let the axes coincide with the sides of the plate.] 


Ans. z= Hs; DSTO SPEEA, 


2. Find the center of mass of the first quadrant of a circular plate whose 


density varies as zy. Ans. T=y=7% 4. 
3. Find the center of the area included by ax” = + y, x = b, and «© =c, where 
c>b. ~ cn +2 _ §nt+2n4] 
cAN Ss ie 


cn +1—prtln +2 

4. Find the center of the area between the parabola y2=4az, the Y-axis, 
and y= b. 

5. Find the center of the area bounded by the semi-cubical parabola ay? = 28 
and x= a. Ans. T= 24. 

6. Find the distance of the center of area from the vertices of a right triangle 
whose sides are a and b. Ans. 1Va?+ b?; 1V4a?4 B; 1Vat+ 40% 

7. A given equilateral triangle is cut out of a circle. Find the center of the 
remaining area, supposing the center of the triangle to be situated at the distance b 
from the center of the circle. 

8. If five ninths be cut away from a triangle by a line parallel to the base, 
show that the center of the remaining area divides the median in the ratio of 4:5. 


9. One corner of a square plate is cut off by a line joining the middle points 
of two adjacent sides. Find the center of mass of the remainder. 
9 
= from the intersection 


: a 
On the diagonal from the corner cut off at a distance 
of the diagonals. 
10. Find the center of area (1) of a loop of the curve p=acos20; (2) of the 
2 = a2cos 2 _ 128 av2 _ wave 
curve p? = a? cos 2 0. Ergin Oe ; 


€ 
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11. An equilateral triangle is formed on one side of a square. Find the center 
9 
BE tne: vel esare es Ans. —“— from the base of the triangle. 
84+2V3 


12. Find the centers of area of the shaded portions of the following figures. 


13. One corner of a square of side 
2a is cut off by a line drawn from a 
corner to the middle point of an oppo- 
site side. The opposite corner is also 
cut off by removing a circle of radius p 
having its center at the corner. Find 
center of area of the remainder. 


14. Find the center of mass of the 
homogeneous thin plate bounded by 
the curves y2 = ax and x? = by. 

Ans. = 3, 0308; = 2, abd’, 

15. Find the center of the area 
included between the codrdinate axes 
and the parabola z? + y? = a?. 


(8) 


16. Find the center of the area of the cardioid p = 2.a(1—cos@). Explain the 
negative sign. Ans. €=— 34. 


17. Find the center of the area of the cycloid z = a(@ — sin 6), y = a(1— cos 8). 
ANS G07 —— 2s 


18. Find the center of the area of the parabola y? = 4az cut off by the line 


8y —22=4a. EAS i ae fete Ee 
19. Find the center of the area of the hypocycloid 2? + y? = 4, 
Se POE 
ANS. f= Y= ais 
315 7 


20. Find the center of area of the segment of the circle 2? + y? = a2 cut off by 
the ordinate « = acos¢. es 2a sind 
PANS moi : : 
3 (¢ — sin ¢ cos ¢) 
21. Find the center of the area included between the first and second spires of 
the spiral of Archimedes p = ag. 


III. SOLIDS AND CURVED SURFACES 


1. A cylinder is 12 in. long and for 8 in. of its length has a diameter of 4 in. ; 
for the remaining 4 in. it has a diameter of 8 in. Find center of mass. 
Ans. 512 in. from thick end. 
2. Find the center of area of the surface of ahemisphere where the density of 
each point on the surface varies as its distance from the base of the hemisphere. 
ANS tre —— 10. 
3. Use the theorems of Pappus to prove that the volume and the surface gen- 


erated by the revolution of a cycloid about a tangent at its vertex are respectively 
ma? and 32 ra? 
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4. Find the center of area of the surface formed by revolving the arc of the 
parabola y? = 4 ax between the origin and the point (a, 2a) about the Y-axis. 


5. Find the center of mass of the solid formed in Ex. 4. ANS. 9 => Os 


colon 


6. Show that the center of mass of the solid formed by revolving the area 
included by the arc in Ex. 4, the Y-axis, and « = a, about «=a, is y = $a. 


7. Find the center of mass of the paraboloid of revolution whose generating 
curve is y? = 4az, between the origin and « = b. Ans, = 2b. 


8. Find the center of area of the surface formed in Ex. 7. 


9. A cone having the same base and vertex is cut from the paraboloid of revo- 


lution in Ex. 7. Find the center of mass of the remaining solid. ieee b 


10. Find the center of mass of the solid formed by the revolution of the curve 


fy Bk i ‘ 
y* — ary? + zt = 0 about the axis of XY. Pee 3 am 
82 
11. Find the center of mass of the solid included by c2z? = y? (a2 — x?) and the 
— —= a 0, 
planes z= 0, y=c, anda Agee Re ne oe 
37 3 or 


12. Find the center of mass of the solid and the center of area of the surface 
formed by the revolution of the cycloid x = a(@ — sin @), y = a(1 — cos 0) about its 
572 +12 
base. Ans. For volume, % = puis ; for surface, = aoe 
15 15 
13. Find the centers of mass and area of the surface of the solid generated by 


revolving the cycloid about its axis. 


63 72 — 53 — 
Ans. For volume, % = Bee Bey for surface, % = BEER SS 
6 (9 7? — 16) 15 (8m — 4) 
14. The cardioid p = 2a(1— cos 6) revolves about its axis. Find the center of 
area of the surface formed. Ans. Z=— 14204. 


15. A right circular cone of height h and radius of base a is cut by two planes 
through its axis inclined at an angle @ to each other. Find the center of area of 
the surface cut out. 

(Take planes y= 0 and z=y tan @ and axes as on p. 57.] 


2 2 sing 
Ans. ©=-h; Y==-a : -a 
Head = Sap 5 aes 
16. The axes of two cylinders each of radius a intersect perpendicularly. Find 
the center of mass of the volume included by the two cylinders and a plane through 
their axes. Ans. %a from plane through axes. 


17. Find the center of mass of the solid formed by the revolution of a sector of 
a circle about one of its extreme radii, the angle between the radii being £. 
Ans. -% = $a cos? i. 
18. From a sphere of radius R is removed a sphere of radius 7, the distance 
between their centers being c. Find the center of mass of the remainder. 


~ 2. 1—cosé 
et See 


3 


from the center of 


Ans. On the line joining the centers at a distance 
the larger sphere. 


Re — 73 
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19. A bowl in the form of a hemisphere is closed by a flat circular lid of a 
material whose density is three times that of the bowl. Find the center of mass of 
the whole, neglecting the thickness of the material. Ans. +r from center. 


20. Find the center of mass of the solid included by the codrdinate planes and 


: : a—x“\ (Cc—2£ aE ee ee 2 ee 
the hyperbolic paraboloid y =0 (“= *) ( - ). Ans. eee te : aan 


21. Find the center of mass of the solid of revolution about the Z-axis, where 
the area of a section perpendicular to z varies (1) as (a — z); (2) as (a — z)3; (8) as 
Va — 2; (4) as sin (a — 2). 

22. Find the center of area of the surface of a frustum of the cone formed by 
the revolution of the line hy = mz about the axis of XY between z =a andz=b, 
where a>b. 2 (a? + ab + b?) 


; 3 (a + b) 
23. Find the center of mass of the solid formed in Ex. 22. 
92 
Ane, Fae Oe 
4 (a + ab + b?) 


Ans. t= 


CRAP TR. Til 
MOMENT OF INERTIA. f idm 


30. Moment of inertia.* The moment of inertia of a material 
particle with respect to a plane is the product of the mass of the 
particle and the square of its distance from the plane. 


Thus if m is the mass of a particle and r is its perpendicular 
distance from a fixed plane 4, the moment of inertia of the particle 
with respect to the plane is r*m. Again, suppose there is a sys- 
tem of particles of masses m,, ---, m, situated at distances 7, ---, 7, 
respectively from the plane of reference Z; then the sum of the 
moments of inertia, namely 


(1) =r'm, 


is called the moment of inertia of the system with respect to E. 

The idea of moment of inertia may be extended to a continuous 
solid S precisely as was the similar conception of moment of 
mass, p. 18, using 7” instead of r. Hence we have at once, by 
analogy: the moment of inertia of a continuous solid with respect to 
a fixed plane E is defined by 


@) ee ee qe ui. 
Am=0 
This integral} is denoted by Z. Hence with respect to a fixed 
plane £, 


(3) Moment of inertia = J, = ip dm, 


where r is the perpendicular distance from any point of the solid 
to the plane £. 


* Moment of inertia is sometimes called moment of the second order, since the distance enters 
as the second power. 

+ In taking the limit in (2) when Am approaches zero, it is usual to choose Am so that all 
the dimensions of the element of mass approach zero simultaneously. This is, however, not a 
necessary restriction. 


43 
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It should be noted that moment of inertia is never negative. 
Mass is essentially positive, and r, which may be negative, always 
enters as the square; consequently symmetry does not play the same 
role in calculating moments of inertia that it does in finding moment 
of mass (p. 19). The moment of inertia of a body is never zero. 


31. Standard form of moment of inertia. Since the moment of 
inertia of a single particle is the product of the square of a dis- 
tance by a mass, the moment of inertia of a system of particles or 
of a solid will necessarily be of the same form, with the addition 
of a numerical factor. That is, we may always express moment of 
inertia in the standard form, 

(1) I, =nDM. 


32. Radius of inertia. A single particle whose mass M equals 
that of a given solid may evidently be placed at a distance 7, from 
the plane of reference Z, so that 


(1) ie = [vam =r 


Then the moments of inertia of the particle and of the solid 
with respect to the plane of reference are equal. This distance 
r, is called the radius of inertia or the radius of gyration of the 
solid for the plane of reference #. Obviously 7, is different, in 
general, for different planes of reference. By solving (1) we find 
I PR = iy 

MM 

Theorem. The square of the radius of inertia of any solid with 
respect to a given plane is equal to its moment of inertia with respect 
to that plane divided by its mass. 


33. Moment of inertia with respect to parallel planes. Let P 
be any point in a solid S, H and 2£’ 
two parallel planes, and MM'= a the dis- 

P tance between them. Then if MP=r 
and M'’P=r', we have r=a-+r', and 
hence 
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But fan= M; [ran= Un (poles snd fram = Ip, 
(1) oo Ig=Ipt@M+2a0p 


If, however, #’ is a centroidal plane, C,,=0 (p. 19) and we have 
the important result 


II I, = Iq, + aM. 


Theorem. The moment of inertia with respect to any plane is 
equal to the moment of inertia with respect to a parallel plane 
through the center of mass, increased by the product of the entire 
mass and the square of the distance between the planes. 

Since in any set of parallel planes one and only one passes 
through the center of mass, it follows at once from II that of all 
moments of inertia with respect to parallel planes that with respect 
to the centroidal plane is the least. 


34. Moment of inertia with respect to an axis or a point. The 
moment of inertia with respect to a line or a point is defined in 
the same way as with respect to a plane, the distance from any 
point of the solid to a fixed plane being replaced by its distance 
to an axis or to a point as the case may be. The moment of 
inertia with respect to a line 7 is 


(1) te iE rdm ; 


and with respect to a point P, 


(2) i i r'dm, 


the difference between the formule (3), p. 43, and (1) and (2) 
above being in the interpretation of r. 
Moments of inertia with respect to 
points, lines, and planes are equally 
important and useful. 


35. Calculation of moments of inertia 
for a solid. The preceding definitions 
enable us to write at once the for- 
mule for the calculation of moments 
of inertia. 
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According to the notation used above 

I,, = Moment of inertia with respect to the plane YZ, ete. 

I, = Moment of inertia with respect to the axis OX, etc. 

I, =Moment of inertia with respect to the origin O. Hence 
the moments of inertia of a solid with respect to the codrdinate 
planes are 


Ill 1 ee = [[[a2-razayae; LS =| [[vr-rarayae; 
i Be = | [ [-razayan, 


the distance 7 in the general formula (3), p. 43, becoming # when 
the plane of reference is YZ, etc., and dm being expressed in rec- 
tangular coordinates. 

Similarly the moments of inertia of a solid with respect to the 
coordinate axes are 


Lyes 4 FS =f{fw +27). rdzdydx,; I, =| {fe + 2). rdzdydax; 
t, =f{fe + y’):- Tdzdydx, 


where 7? = y’ + 2” when the axis of reference is OX, etc. 
The moment of inertia of a solid with respect to the origin is 


v a Sih (a? + y? + 2”). rdzdydu. 
By comparing equations IV and V we find 
da uff 27(a?+ y? + 2) dzedydx 
= Ni i fi TY t2)+(C+A) ++ y)]dedyde. 


VI *, Ip =4(y +1, +1,). 


Theorem. Zhe moment of inertia of any solid with respect to a 
point is equal to one half the sum of the moments of inertia with 
respect to three perpendicular axes through the point. 

From VI it may be observed further that the sum of the 
moments of inertia with respect to three perpendicular axes 
through a point is always the same, since that sum is twice the 
moment of inertia with respect to the point which remains fixed. 
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A comparison of equations IIT and V shows that the following 
relation also holds. 


VII To = Ty + Tye + Tere: 


Theorem. Zhe moment of inertia of any solid with respect to a 
point is equal to the sum of the moments of inertia with respect to 
any three perpendicular planes through the point. 

Likewise, from III and IV, 

I= T+ tw 
VII Piece: 
jf BOW REY Oe 


Theorem. The moment of inertia of a solid with respect to an axis 
is equal to the sum of the moments of inertia with respect to any two 
perpendicular planes through the axis. 

Again, from III, IV, and V we find 
IX be RG 0 


Theorem. The moment of inertia of any solid with respect to a 
point is equal to the sum of the moments of inertia with respect to a 
plane through the point and with respect to a line through the point 
perpendicular to the plane. 


36. Moments of inertia with respect to parallel axes. Let 7 and /' 
be any two parallel lines. Let #’ be the plane 
passed through the two lines / and J’, and let Z 
and EZ’ be planes through 7 and J’ respectively 
perpendicular to £”’. Then, from (1), p. 45, 


Adding J,,, to both members and applying equations VII, 


Ip=Jiz + Me + 2 az. 


I,=1,+ Ma’ + 2a,, 
But if ZH’ is a centroidal plane, C,,=0 and 
X I, =I, + Ma’. 
Theorem. The moment of inertia with respect to any line is equal 
to the moment of inertia with respect to the parallel line through the 


center of mass plus the product of the total mass into the square of 
the distance between the lines. 
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Of course it is possible in each case to find the moment of 
inertia by integrating directly between the proper limits. But 
where the object is not merely an exercise in integration it is 
much easier to find the moment of inertia with respect to those 
planes or axes for which the integrations take the simplest possi- 
ble forms, and then to calculate it for other planes and axes by 
means of the relations established in the preceding paragraphs. 
In general, the simplest procedure is to choose three perpendicular 
planes through the center of mass, if the center of mass is known. 
When J is calculated for each of these three planes, it is easily 
found for parallel planes, for the codrdinate axes, and for lines 
parallel to the axes, without further integration. 

Illustrative example. It is required to find the moments of inertia of any homo- 


geneous ellipsoid. The equation of the ellipsoid is 


a2 y2 22 ; 
Sy ct ea 1, and the area of any section S paral- 
a a ¢ 


lel to the plane YZ is (p. 7) 
ae OC 
(1) f fede arb Cee wa — 2%). 
By Ill, p. 46, since r is constant, 


Ihe tf { {ededyde = r [ade f dydz. 


+a b 
(2) My: = af ada . ae (a? = 07) = “2 Trarbe. 
—a a? 15 


Since the volume of the ellipsoid is V = *+7abe and M=7TV, we may express 


2 2 
Ty, in the standard form (p. 44) as I,,= eae In the same way I. = ee and 
Mc? "i 5 
Lg = ——* 


5 


For the moment of inertia with respect to the X-axis we have, by VIII, p. 47, 
(3) Ty = Tey + Ing = $M (0? + €?). 

I, and I, are found in the same way. 

By VII, p. 47, the moment of inertia with respect to the origin is easily shown 
to be 
(4) I90=1M (a? + 0? + c?). 

The moment of inertia with respect to a line J through the extremity of the 
major axis parallel to the Z-axis is, by X, p. 47, 
(5) TQh=I,+ Ma? = 1M (a? + 6?) + Ma’. 

The moment of inertia with respect to a plane E tangent to the ellipsoid at 
the extremity of the major axis is, by II, p. 47, 
(6) Ty =Tyz + Ma? = + Ma? + Ma? = $ Ma?. 
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PROBLEMS 


1. Three edges of a unit cubical frame without weight are taken as the covrdi- 
nate axes, and particles are placed at all the corners except at the origin. Find 7 
and ro, (1) when the particles are of equal mass; (2) when the masses vary as the 
squares of their distances from the origin. 


2. Find I and 7; (1) for a rectangular parallelopiped of edges a, b, c, about a 
line through the centroid parallel to the edge a; (2) for a plane perpendicular to 
the edge a at a distance d@ from the center of the parallelopiped. 


[z = ar = } I=M(z,@ + a). 
Ans. (1) is (2) 
[a= Fas ; HH e+e 


3. Find I for a rectangular parallelopiped about (1) an edge a; (2) about its 


ter of SS. 
center of mass Ans. (1) I= Me 7); (2) f= 3 (a? + 6? + c?), 
o 


4. Find rj for an ellipsoid relative to the codrdinate planes and axes taken 
through the center of mass. 
Meg? he ce b2 + c2 
Ans. For planes, r5 = —, —; —; for axes, r3 = ba 


5 » etc. 


5. Find I and r? for a solid sphere with reference to a diametral plane. 

Ma? 9 a 

; ro =—_—. 
5 

6. Find J for a sphere (1) relative to a diameter; (2) relative to the center. 


Ans. (1) 2Mr?; (2)3 Mr. 


AGES Jl 


7. Find J and ro for a sphere (1) relative to a tangent line; (2) relative to a 
tangent plane. Ans. (Wl=ferm. 2) [=s Mar. 


37. Moment of inertia of areas and arcs. The moment of inertia 
of an area is defined in a manner precisely analogous to that of a 
solid, the element of area replacing the element of mass. Hence 
for either a plane or a curved surface * 


(1) Moment of inertia of an area = T= limit 27°AS = i rds. 


AS=0 


Similarly 


(2) Moment of inertia of an arc = T= limit 27?As = jk rds. 


east) 


* In (1) and (2) it must be remembered that 7 is the distance from any point P of the area or 
arc to the plane, line, or point of reference. Also AS and As must be so chosen that in passing 
to the limit each element shrinks up into the point P which has been chosen in that element 


(p. 18). 
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Results in any particular case may evidently be put in the 
standard form, 


(3) I=nL’S for areas, 
(4) I =nL’s for arcs. 
The radius of inertia for an area is defined by 
I 
(5) r= re, 


which should be compared with the similar equation I, p. 44, 
defining radius of inertia for a solid. 


38. Calculation of moments of inertia of plane areas. 


Rectangular coérdinates. For a plane area referred to rectangular 
coordinates in that plane the definition of 
moment of inertia, (1), p. 49, becomes 


I= [rad =f randy. 


Hence by definition we have, from the figure, 


Nicer = [[ vravay; rT = [[ avay. 


The distance rv in the general formula becomes y or x according 
as the moment of inertia is referred to the axis OX or OY. 
The moment of inertia with respect to the origin O is 


ip il if OPdedy = i Hh (a? + y") dedy. 


Hence, adding equations XI, we obtain 


Y 


XI Ti ere: 


Theorem. The moment of inertia with respect to a point in a 
plane is equal to the sum of the moments of inertia with respect to 
two perpendicular axes lying in the plane and passing through the 
point. 


For a plane area equation X, p. 47, becomes 
XII I, =Iy + Aa’. 


The proof is obvious and is left to the student as an exercise. 
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Polar coérdinates. In polar coérdinates the element of area 
is approximately AS =pApA@ (p. 5). Hence for polar moments 
of area we have, since x =p cos @ and y = psin 6 (figure, p. 50), 


z. = [[v*- papae = [fr sin’ 6 dpdé, 
a = [= pupae =f p®cos’6 dpdé. 


39. Calculation of moments of inertia of curved or space areas. 


For a curved area AS= ; + BE ea AzAy, and we define 
a 


XIV 


nye 


4 


a 
5 ies = f sas 


with similar forms for Z,, Z,, etc. Equations II-X apply also to 
curved areas if Am is replaced by AS. 

When thin plates or shells of the same form as the areas above 
are considered, the formule are exactly the same except that the 
density 7 enters, and this may or may not be a constant, as has 
been explained before. 

Illustrative example. Given a circle p= a, to find moments of inertia. Take 
first the moment of inertia with respect to a diameter. The 
integration may be performed by taking the whole circle, or 
by integrating over half and doubling it, or by integrating over 
one quadrant and multiplying by 4. Taking half the circle, 

Tm Al 


ee : ae 2 lp = — = — @?. 
XV I,=2 f fi p? cos? 6 dédp ri re 


Theorem. The moment of inertia of a circle with respect to a diameter is equal 
to the square of the radius times one fourth the area. 


By means of relation XIII we find for the moment of inertia with respect to a 


tangent T, f 3 
a? 5 

iis Aa? = — Aa*. 
ak eg 4 


To find the moment of inertia with respect to a line through the center perpen- 
dicular to the plane of the circle, we may either integrate directly, as 


Io =" fp8aedp aoa, 


or we may use equation XII, p. 50, 
A A A 
XVI TO She te mea 
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Theorem. The moment of inertia of a circle with respect to an axis through its center 
perpendicular to its plane is equal to the square of the radius times one half the area. 

From the foregoing results we may obtain, by means of the theorem of parallel 
axes, the moment of inertia of the circle with respect to any line lying in its plane 
or perpendicular to its plane. For instance, consider the moment of inertia with 
respect to the line J perpendicular to the plane of the circle and passing through 
its circumference ; 
ea=Io+ A= Aw +Aa= ® Ad?, 


PROBLEMS 


1. A straight rod of negligible mass and length a has five particles of equal 
mass situated on it at equal intervals of 1a. Find I and 7, (1) with respect to 
one end; (2) with respect to the middle point; (8) find J when the masses 
increase in arithmetical progression from the end. 

2. Given three particles of equal mass situated at the vertices of an equilateral 
triangle. Find (1) I and 7; with respect to one side; (2) with respect to a line 
parallel to one side passing through the opposite vertex. 

3. A regular hexagon has particles at the middle points of five of its sides. The 
masses of the particles taken in order are as 1, 2, 3, 4,5. Find J and Le with 
respect to the unweighted side. 

4. Find the moment of inertia of a rectangle (1) with respect to an axis through 
the center of area parallel to the longer side; (2) with respect to the longer 
side; (8) with respect to a line perpendicular to the plane at the center of one 
side; (4) with respect to a line perpendicular to the plane at one corner; (5) with 
respect to a diagonal. 

5. Find J and r2 for the area of an ellipse (1) relative to the axes; (2) relative 
to the origin ; (8) relative to tangents at extremities of axes. 

6. Find J for the area of an ellipse (1) relative to an axis perpendicular to the 
area and passing through the center; (2) relative to an axis perpendicular to the 
area through the focus; (3) relative to a plane through the minor axis perpendic- 
ular to the area; (4) relative to a tangent plane perpendicular to the major axis. 


40. Relation between moments of inertia of 
areas and of right cylinders.* Let there be given 
any area 4 in the plane XY and suppose that 
upon this as a base a homogeneous right cylin- x 
der S is constructed, having a density rt and a 
height A. Then for the cylinder with respect to ¥ 
the plane YZ, 


h 
i= a if dedyde =1 if | {Me addy = ch Hf Pdedy. 
0 
. A A 


* “Cylinder” is used in a general sense to include prisms, etc. 
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But by XI, p. 50, f it xdxdy is the moment of inertia of the 
A 


base A with respect to the axis of ¥. Hence 
XVII I,, (of S) = Th- I, (of A). 


Now let 7, be the radius of inertia of the cylinder with respect 
to the plane YZ, and 7) the radius of inertia of the base with 
respect to the axis OY. Then by I, p. 44, and (5), p. 50, XVII may 
be written Mea rh dr 


But M=rhA and therefore > =7/?. Hence the radii of inertia 
of any right cylinder and of its base with respect to a plane parallel 
to the elements of the cylinder are equal. 

Since for the cylinder Mr} =J,, and for the base Ar? =J,, we 
have the . 

Theorem. Jf the moment of inertia of any plane area with respect 
to a line in its plane is known, then the moment of inertia of a homo- 
geneous right cylinder of which the given area is the base, with 
respect to a plane through the line parallel to the elements of the 
cylinder, may be found by replacing the area in the known moment 
of inertia by the mass of the cylinder. 


If the moment of inertia of a plane area with respect to a point in 
its plane is known, the same process leads at once to the following 


Theorem. Jf the moment of inertia of any plane area with respect 
to a point lying in its plane is known, then the moment of inertia of 
a homogeneous right cylinder of which the given area is the base, 
with respect to a line through the point parallel to the elements of 
the cylinder, is found by replacing the area in the known moment 
of inertia by the mass of the cylinder. 

Illustrative example. It is required to find the moment of inertia of a right circular 
cylinder (1) with respect to a plane through the axis; (2) with respect to the axis. 

By XV, p. 51, the moment of inertia of a circle of radius a (1) with respect 
to a diameter is <a; (2) with respect to its center is rious Hence by the above 
theorems, replacing A by M, we have the following 


Theorem. The moment of inertia of a right circular cylinder (1) with respect to a 
plane through its axis is equal to the square of the radius times one fourth the mass ; 
(2) with respect to its axis is equal to the square of the radius times one half the mass. 
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41. Moments of inertia of combined solids and combined areas. 
If a solid is composed of two or more parts, the moment of inertia 
of the whole is evidently the same as the sum of the moments of 
inertia of its parts. Hence, if a portion be removed from a solid, 
the moment of inertia of what remains is equal to the moment of 
inertia of the whole minus the moment of inertia of the part 
removed. This principle applies without change to areas. 

As an example consider the moment of inertia with respect to its 
axis of a hollow cylinder formed by cutting out of a right circu- 
lar cylinder C of radius R, height h, 
and constant density 7, a concentric 
circular cylinder C’ of radius r. 

As we have just shown in the case 
of the solid cylinder, we may consider 
instead of the moment of inertia of 
the hollow cylinder the moment of 
inertia of its cross section in the plane YY with respect to its 
center O. Applying the theorem, p. 52, for the moment of inertia 
of a circle for an axis through its center perpendicular to its plane, 


we have for the circle C , _ AR? 
@) 2 7 

Al 2 

and for the circle C’ i “ , 


where A and 4’ denote the areas of C and C’ respectively. Hence 
the moment of inertia of the ring with respect to O is 


I, for the ring = } (AR? — A’r’). 


Since 4 = 7? and A'=7r’, this may be written 


I, for the ring = = (Bt eae = (B? + 7°) (R? — 7’), 


Denoting the area of the ring by A,, we have 4,= A—A!=7 R?— rr’, 
and hence yi 
Ig for the ring = a (R? + r?). 


That is, the moment of inertia of a plane area lying between two con- 
centric circles of radi R and r, with respect to its center, equals the sum 
of the squares of the inner and outer radii times one half the area. 
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Replacing A, by the mass of the hollow cylinder according to 
the theorem, p. 53, we obtain 


M 
I, for the cylinder = CR! + 7’). 


Theorem. Zhe moment of inertia of a homogeneous hollow cylinder 
with respect to its axis equals the swm of the squares of the outer and 
mner radii times one half the mass. 


PROBLEMS 


1. Find the moment of inertia of the hollow cylinder of p. 54 with respect 
to a line perpendicular to the XY-plane (1) through the outer circumference ; 
(2) through the inner circumference. 


2. Find the moment of inertia of the circular ring, p. 54, relative to OX. 
Ans. “ (R2 + 1), 
3. Find the moment of inertia of the hollow cylinder, p. 54, with respect to a 
plane through the axis. Tee ae +7). 
4. Find the moment of inertia of the ring with respect to tangents to the circles 
C and C’. 
5. Find the moment of inertia of a thin circular plate of uniform density (1) with 


respect to a diameter; (2) with respect toa tangent. Ans. (1) +Ma?; (2) 3 Ma?. 


6. Find the moment of inertia of a right circular cylinder of radius @ and 
height 2A with respect to its axis. . 


7. Find the moment of inertia of a circular area having a smaller circular area 
cut from it as in the figure, (1) with respect to a line through O perpendicular to 
the plane of the circle; (2) with respect to a diameter through O; 


(8) with respect to a line through O’ perpendicular to the plane of XS 
the circle; (4) with respect to O and O’; (5) with respect to a line a 
through O’ parallel to a diameter through O. How will the results 


be changed if 2r > Rh? 


8. From acircle of radius R a rectangle is removed, the diagonals of the rectangle 
intersecting at the center of the circle. Find the moment of inertia (1) with respect 
to an axis perpendicular to the plane through one corner of the rectangle; (2) with 
respect to a diameter which is also a diagonal of the rectangle. 


9. Find the moment of inertia of a homogeneous hexagonal plate with reference 
to a diagonal. Ans. I= ,a?M. 


10. A homogeneous square plate whose side is 2a has parts 
removed as indicated in the figure. Find the moment of inertia 
with respect to the lower edge and with respect to an axis perpen- a 
dicular to the plane of the plate at its center. 
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42. Moments of inertia of solids of revolution. The calculation 
of moments of inertia is greatly simplified in the case of solids of 
revolution. In some of the more impor- 
tant cases they may be found as follows. 

With respect to the axis of revolution. 
Suppose y = f(x) is the equation of 
the generating curve and consider the 
homogeneous solid generated by that 
portion of the curve included between 
the planes x =a and x=6, Then by 
VI, p. 47, L,=Z,,+,,- In the present 
case, however, J,, = ,, and hence 


(1) Reb yap ee ap uh pdedyde by Ill, p. 46 
=27 fl [fyaedy| ae 
But y’dzdy is the moment of inertia of a circular cross 


section S in which 2 is constant, with respect to a diameter. 
This equals the square of the radius y times one fourth the area 
wy’, by the theorem, p. 51. 


, - bory* wT ae 
(2) “a2 f ara [i y'an, 


which may be integrated. when y is expressed in terms of x from 
the equation of the generating curve. 
b 


Since the mass M= mr if ydx, we have finally 


b 
if y*dax 
XVIII I M Ja 


Ser ae 
[ vax 


It is instructive to regard the derivation of XVIII as follows. Consider the solid 
to be divided into thin circular plates each of thickness Az, by planes perpendicu- 
lar to OX. Then by the theorem, p. 53, the moment of inertia of one of these 


plates with respect to OX equals the square of its radius y times one half its 
TrytAr 
mass ee That is, approximately, 


AI, =4t7ytAx and I, = limit >— 5 tytn = = =f ytda, 
Axr=0 
which is the same as (2). 
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With respect to an axis perpendicular to and intersecting the axis 
of rotation. Taking the axis OY, we have 


(3) Loaieri. by VII, p. 47 
1 atl. 
But Ly = 3 Foss uk yide, by (1) and (2) 


i Se [ff ededute =e f | faeay| vdx 
= +f mypsae since f dzdy = Ty’. 


b y*\ 
XIX Rt Fae mf (ev + 1) ax, 


in which y is known as a function of 2 from the equation of the 
given curve. 


We may also regard the derivation of XIX as follows. Consider the solid to be 
cut into thin plates as before. The moment of inertia of one of these plates with 
respect to a diameter parallel to OY is approximately }7zry!rAx by pp. 58 and 54. 
The moment of inertia of a single plate with respect to OY is found by the theorem 
of parallel axes, p. 47, and is approximately 


PN Gy, S58 (=v + *) Ax. 
Hence 
ie y* b y 
DP cmb TEN Oy a7 (=v + r) aN oa mr f (=v + *) dx 
Ax=0 = a 4 
as before. 


Equation XIX may be expressed in a form analogous to XVIII. 


Moments of inertia with respect to YZ, O, etc., are easily found 
by the aid of the relations derived on pp. 46 and 47. 


Illustrative example. Find the moments of inertia of a cone of height a formed 
by the revolution of the straight line z = xtan @ about the axis of X. From equation 
(2), p. 56, 


TT 7% aT tant a 
= — 4 tant adx = ———_——__ 
Te 9 f at tant a 10 
3 tan2 
Or, since V = nu and radius of base=r 
= atana, 
3M 3 
I, = —— a* tan?a = — Mr”. 
(4) Tae 7 


This last result might have been obtained directly from equation XVIII. 
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From equation XIX, 


a gt 
ees wr f (= tan? aw + re tan+ a) dx 
0 


5 5 2 wt 
= TEE tanta + Ftanta |= [E+ | 


5 56 La® 4at 


mrrar2 38M 
=) SG 2) = — (4a? + r?). 
(5) so (a + 12) = —— (da? + 2) 
By symmetry I, = I:. 


43. Routh’s rule. The following rule will be of assistance in 
remembering the moments of inertia of the elementary solids and 
areas, with respect to axes of symmetry. 


The square of the radius of inertia with respect to an axis of sym- 
metry is 3, 1, or £ times the sum of the squares of the semi-azes 
perpendicular to the given axis according as the body is rectangular, 
elliptic, or ellipsoidal. 


By actual application it is found that this rule covers the cases 
of rectangles, parallelopipeds, spheres, cylinders, circles, ellipsoids, 
etc., all of whose volumes or areas are familiar, and from these 
data J is easily found. The rule may be illustrated as follows. 

Consider a rectangle of sides 2a and 26. The square of the 


radius of inertia with respect to an axis through its center perpen- 
Cit 


dicular to its plane is 7 = , the semi-axes perpendicular 


to the given axis being a and $. The square of the radius of 


inertia with respect to an axis through the center of the rectangle 
2 


: Le ae) Md 
perpendicular to the side 2a is r= 3° the only semi-axis perpen- 
dicular to the given axis being a. 


An ellipse has semi-axes a and 6. The square of the radius of 
2 


inertia with respect to the major axis a is 77=—. With respect 
4 a? — 6b? 
re 
In the particular case of the circle of radius a, the radius of inertia 
with respect to every diameter becomes the same and is equal 
to a For a circle with respect to an axis through its center 
2 2 2 
perpendicular to its plane 7? = Z — = = 


to an axis through its center perpendicular to its plane 7? = 
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An ellipsoid has semi-axes a, }, c. The square of the radius of 


. : : : eae ce 

inertia with respect to the axis 2¢ is Jha a7 waa In the par- 
ticular case of the sphere, since the radii are all equal, evidently 
a a+@ 2 2 


: 5 5 

44. Products of inertia. The product of inertia, or moment of deviation, as it 

is sometimes called, is also a moment of the second order and is symbolized by 

if ryredm, where 7; and rg are the distances from some point in the element AM 

of a solid to two fixed planes; or, in the case of a plane area, 7; and rg usually rep- 

resent distances from a point in an element of area AA to two fixed axes, dA thus 
replacing dm in the integral. If we represent this integral by D, we may write 


(1) D= limit Dryr2Am = frirsdm = [ff rrardedyae, 


Am= 0 


with a similar formula for areas. 


Using a notation similar to that for moment of inertia, the product of inertia 
with respect to the XZ- and YZ-planes is 


(2) ONE oe A i ik Txydxdydz. 


It will be found easy to write the various other integrals representing products 
of inertia with respect to the several planes and axes both in rectangular and in 
polar coérdinates. The necessary transformations for solids and surfaces of revo- 
lution may very well be taken as an exercise. 

It is easily seen that if either of the two planes or axes with respect to which the 
products of inertia are taken is a plane or an axis of symmetry, the products of 
inertia will vanish. 

Theorems analogous to those for moment of inertia hold for products of inertia 
with respect to parallel axes and planes. 


PROBLEMS 


In the following problems results for moment of inertia alone are given. In most cases the 
radius of inertia may be determined by inspection. Additional examples may be obtained from 
the lists given with the two preceding chapters. 


AREAS. ARCS 


1. Given a uniform circular wire of outer radius R and inner radius r. Find 
the moment of inertia with respect to a diameter. 
(Set R=r+ Ar and let Ar approach 0.] Panes Mr? . 
2. Find the moment of inertia for a uniform wire in the form of an equilateral 
triangle of side a, (1) with respect to a line perpendicular to the plane of the tri- 
angle and equidistant from the vertices ; (2) with respect to a line through a vertex 


perpendicular to the plane. Divas x. 
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3. Find the moment of inertia of a thin plate bounded by the curve y? = 4ax 
and by a = a, (1) with respect to the axis of X; (2) with respect to the origin, sup- 
; i 2 Ma? 
posing the density to vary as y”. net) = : 

r3) 


4, Find the moment of inertia of the area included by 7? -—y?=9 anda=5 
(1) with respect to the axis of Y; (2) with respect to the focus. 
Ans. (1) 410 — 4, logs. 
5. Find the moment of inertia for the arc of the parabola y? = 4 am included 
between the origin and the point (a, 2a), (1) with respect to the Y-axis; (2) with 
respect to the origin. 


6. Find the moment of inertia for the area between the parabola y? = 4ax 
and the line y = 22, (1) with respect to the origin; (2) with respect to each of 


the axes. . Ans. (1) #% at. 
7. Find the moment of inertia of a loop of the lemniscate p? = a?cos2 @ with 
respect to the origin; with respect to the Y-axis. Maye. mas 
16 
8. Find the moment of inertia for the arc of the cycloid z= a(0— sin @) 
y = a(1— cos), relative to the base. Ans. 22 a3. 


9. An arc of the circle p= a subtends an angle 26 at the center. Find the 
moment of inertia with respect to the middle of the arc. Apply to the special cases 
of a semi-circular are and of a complete circle. 


in @ res 2 
Ans. For thearc,2a?78 ( - =) - For the semi-circular arc, 2 a2s r (1 - =). 
For the circle, 2a?Ts. Mk se 


10. A bridge girder has a cross section in the form of the letter H made of three 
equal rectangles of sides a and b, (a>b). Regarding the cross section as a thin 
lamina, find the moment of inertia with respect to a line through the center of mass 
of the horizontal rectangle and parallel to the edge a of the vertical rectangles. 


M 
Ans. (1a? + 12ab + 802). 


11. Find the moment of inertia of the area common to the parabolas y? = 4 ax 
and 2? = 4 ay with respect to the axes, the density varying as 2?. 
4523 46 594 6 
Ais: Iya Teo ba 
83 
12. A thin plate has the form of a regular polygon of n sides of length 21. 
Find the moment of inertia relative to a line through its center perpendicular to 


its plane. 2 
P Ans. = (1 —3 cot?7). 
n 


SOLIDS. SURFACES 


1. Find the moment of inertia for a cube with respect to one corner. Find the 
moment of inertia for the surface of the cube with respect to an axis through the 
center parallel to an edge. 


2. Find the moment of inertia for a right circular cone with respect to an 
axis through its center of mass perpendicular to its axis, supposing the density to 
vary asx”. Take axes as in the figure, p. 57. 
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3. Find the moment of inertia for a circular cylinder of altitude 2 and radius a 
(1) with respect to a line in the plane of its base intersecting its axis perpendicu- 
larly ; (2) with respect to a line perpendicular to its axis at the distance ¢ from one 
end; (8) with respect to a plane through its center of mass perpendicular to its 
axis; (4) with respect to an element. 
Ma M 5 

+ — (h? — 8he+ 8c?); (4) T= — Ma’. 

oes ) @T=s 

4. Show that a theorem similar to that for parallel axes holds for two points, 

one of which is the center of mass. 


J 
Ans. (1) T=56@ +42); (2) = 


5. Find the moment of inertia for the surface of a sphere (1) with respect to 
a plane through its center; (2) with respect to a diameter. 
Sa? 2 
Ans. (1) T= —; (2) 1=-—Sa?, 
@) T=; @I=5 
6. Find the moment of inertia for an ellipsoid of revolution (1) with respect 
to the axis of revolution; (2) with respect to a line perpendicular to the axis 
through the focus. Ans. (1) ?Ma?. 


7. Find the moment of inertia for a paraboloid of revolution included between 
the planes x = 0 and « = a, the radius of the base being b, (1) with respect to the 
axis of revolution ; (2) with respect to a line perpendicular to the axis at the vertex, 
assuming the equation of the generating curve is y? = 4 az. 


4 2 
Ans. (1) t7ab Trad 


Fr 52) ee ee 


8. Given a hyperboloid of one sheet 22+ y2— z2=1. Find the moment of 
inertia with respect to the axes for that part cut off by the planes z =+4 2. 


9. Find the moment of inertia with respect to the codrdinate axes for the 
solid formed by removing from a right circular cone of height H and radius a, 
another cone of the same base and axis but of height h<H. 

ante ; oe % 
10. Find the moment of inertia for the elliptic cylinder — + = 


= 1 with respect 
z F a 
to its axis. 


11. A peg top is composed of a cone of height h and a hemispherical cap of 
radius a. From the point up to a distance b the material is three times as dense as 
the rest. Find the moment of inertia with respect to the axis of rotation. 


trast (8 9b? h 27 
7 ae here b = —; r2 = —a2. 
Ans 10 (Gath + h ) where 3 urd 106 


CHAPTER IV 
ELLIPSOIDS OF INERTIA 


45. Relation between moments of inertia relative to various lines 
and planes in space. A few instances have been discussed on pp. 
45-47 in which moments of inertia with respect to different points, 
lines, and planes are not independent. The moment of inertia 
with respect to a point was seen to be related to the moment of 
inertia with respect to certain axes and planes through the point. 
The moment of inertia with respect to any plane was found to be 
connected with the moment of inertia relative to any parallel 
plane, and an analogous relation was observed to hold between two 
parallel axes. It follows, therefore, that if the moment of inertia 
for every line or plane through a given point is known, the 
moment of inertia for all lines or planes in space can be found. 
In order to find the moments of inertia for all lines or planes 
through a given point from simple data, let us consider the follow- 
ing problem. 


Given the moments and products of inertia with respect to any 
three perpendicular lines (or planes) through a given point, to find 
the moments of inertia for all other lines (or planes) through the point. 


Let OQ be any line for which the moments of inertia of a 
solid are required. Let P be any point whose codrdinates are 
2, y, and gz. Draw PM perpendicular to 
O@ and let the direction cosines of OQ 
be a, 8, y. Also denote by A, B, C the 
xy moments of inertia of the solid relative to 

the axes X, Y, Z respectively; by 4’, B’, C’ 

the moments of inertia of the solid relative 

to the planes YZ, ZX, XY; by D, EH, F the 
products of inertia (p. 59) relative to the planes YZ and XZ, 


YZ and XY, XZ and XY. Hence we have the following relations: 
62 
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Az Tf, =f" +2)dm, A'=T, = [ 28am, D=D yi = f ayam, 


(1); B=, =f team, B=]. = [ yam, L=D,, .,= | vedm, 


ene & = foe +y)dm C=I,, = [ Pam, F=D,, wy = [ yean. 


From Analytic Geometry, p. 380, we have a?+ 64 7=1, 
OP =2+y +2, OM=2a+y8+e2y, and Pi’ =O0P — OM’. 


Also Io = [ Pitan. Hence 
Lins = [te +Y7+2)—(aa+ yB+ zy)*|dm 
= [ (et—a+y (1—6*)+2?(1—y’)— 2 a@Bry—2ayre — 2Byyz]dm 


= [PPL D+ LO +) + 0 + B)—2 aBay — 2 aye 
— 2 Byyz|dm 


= # fy + 2°)dm + fe + 2°)din + 7 fe + y’)dm 
—2 a8 [ aydm —2 ay { wedm —2 By f yedm. 


I v.Ing = VA+ PB+y’C — 2aBD — 2ayE —- 2 pyF 
= T,a7+ 1,8? + Ly’ —2 Dye, 0.48 —2 Dy, vy VY —2 Daz, ay BY: 

When a system of particles is considered, the integral sign is 
replaced by = and dm by m. The significance of equation I may 
be expressed in the following 

Theorem. Zhe moment of inertia with respect to any line through 
the origin is a homogeneous quadratic function of the direction cosines 
of the line. 

Again, if OQ is perpendicular to the plane # through 0, we have 
for the moment of inertia with respect to # 


= ef OM dm = foe +yB + 2y)?dm 
=a? [ stdm+ sPdm-+of f tdm+2 wo fay 
+2 ay { a2dm +2 By f yedm. 


WH. 2. Ip = Ala? + BP’ + Cly’ + 2 DaB + 2 Hay + 2 FBy. 
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Theorem. The moment of inertia with respect to any plane through 
the origin is a homogeneous quadratic function of the direction cosines 
of the normal of the plane. 


46. Geometrical interpretation. The results of the preceding 
paragraph may be interpreted geometrically as follows. Let n be 
some arbitrary given constant, and lay off on OQ a length OV 
such that : 

(t) ON* ==. 
Lo 

That is, ON is laid off on OQ so that the square of OW is 
inversely proportional to J,,. Setting ON=p, we have 


2 


nw 
(2) 109 = e : 


If now for any given solid we lay off upon every radius vector 
from the origin a length p determined by equation (1), the locus 
of the point N(xyz) is readily found to be a quadric. For the 
coordinates of N in any position are r=pa, y=pP, 2=py, and 
these being substituted in I give, with (2), the equation 


(3) Ax’ + By? + C2 — 2 Dry — 2 Exz — 2 Fyz =n’, 


which is a quadratic surface. Since by definition the moment 
of inertia is always positive (p. 44), every radius vector must be 
real, and hence the quadric denoted by (2) is an ellipsoid. This 
ellipsoid is called the ellipsoid of inertia, or the momental ellipsoid 
for the point O. The axes of the ellipsoid are called the principal 
axes for the point O, and the moments of inertia with respect to 
these axes, the principal moments of inertia. 

When the axes of codrdinates and the axes of the ellipsoid 
coincide, equation (2) reduces to 


(4) Av’? + By? + C2 =n’, 


the ordinary equation of an ellipsoid. Hence in general, if there 
can be found three lines perpendicular to each other and intersect- 
ing in a point, such that if they be chosen as the axes of codrdi- 


nates the products of inertia if aydm = | yzdm= | redm=0, then 


those lines are the principal axes of the body for that point. 
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The three planes, each of which is determined by two principal 
axes, are called the principal planes for the point. 

If z= 0, that is, if the body is a plane area, the equation of the 
momental ellipsoid reduces to the equation of an ellipse called the 
momental ellipse, and this ellipse is the section of the momental ellip- 
soid corresponding to any point in the area, by the plane of the area. 

At any point of a given material system there are always three 
principal axes. To prove this we have only to construct the ellip- 
soid of inertia corresponding to the point and then refer it to its 
principal diameters as axes, when the products of inertia all vanish. 

A plane of symmetry of the given body is a principal plane of 
the ellipsoid of inertia (8) for every point in the plane. Hence, if 
XY is a plane of symmetry, = F= 0 and OZ is a principal axis 
of the ellipsoid (3). If also YZ is a plane of symmetry, D = 0 and 
the ellipsoid is referred to its principal axes as in (4). 

Example l. To jind the moment of inertia of a homogeneous ellipsoid with refer- 


ence to a diametral plane whose direction cosines with respect to the principal planes 
are a, B, y. 
Let the diametral plane be denoted by #. Then from equation II, p. 63, the 
moment of inertia with respect to F is 
Ig = A’c? + BB? + C72 +2aBD+4+ 2ayE 4+ 2ByF. 
If we refer the equation of the ellipsoid to its principal diameters as axes, 
D=EH=F=0. Also from p. 48 we have 
fa2 Mb2 2 
pe! Ma Be Mb : C= Me 
5 5 5 
1 eS WS ane 
Lp = (a?a? + 0282 al C77"). 
D 


Example 2. To find the moment of inertia of a homogeneous right cone of height h 
and radius r with respect to an element. Choose the element / in the XZ-plane. 
Then by (1) we have 

T, = Aa? + Bp? + Cy? —2aBD —2ayH — 2 ByF. 

But since the cone is symmetrical with respect to 


XY and XZ, all the products of inertia vanish ; that 
is, D= E=F=0. Also we have evidently 


h2 b2 
(jis 2 — SS 
B ee rae 


and from previous results, p. 57, 
A=, Mr’; C= 3, M(r? + 4h?) = B. 
3 h 3 2 3 Mr? (" hn? + “): 


‘ = a 2 4 h?2). = i 
BS eee gg ee) ia ee 20 ae 


66 THE INTEGRALS OF MECHANICS 


PROBLEMS 


1. Find the moment of inertia of a rectangular plate of sides 2a and 2b with 
respect to a diagonal, and from this result deduce the corresponding result for a 
oe = pees a Mn for the square. 

Ans. Les att 3 q 
2. Find the moment of inertia for a diagonal of a parallelopiped whose edges 
2p2 202 1 H2¢2 
are 2a, 2b, 2c. ape r=5u(= + ac +>): 
3 a? + 0? + c? 


3. Find the moment of inertia of an ellipse for a diameter making an angle 0 
with the major axis. Ans. IT=14M (a*sin? 6 + b? cos? 6). 


4. Find the moment of inertia for an ellipsoid with respect to a diameter whose 
direction cosines are J, m, n. 


47. Properties of the principal axes. We have just shown that 
the ellipsoid of inertia corresponding to a given point was marked 
out by the motion of a radius vector which always preserved the 
relation (1), p. 64. From this relation and from the simple prop- 
erties of ellipsoids the following theorems are seen to be true. 


Theorem. Of all the moments of inertia with respect to lines 
through a given point O, the greatest and the least are included in 
the principal moments of inertia. 


It is evident from (2), p. 64, that when p coincides with the 
longest semi-diameter J is least, and when p coincides with the 
shortest semi-diameter J is greatest. 

A similar theorem holds with respect to the moments of inertia 
with reference to the principal planes passing through O. 


Theorem. Jf the three principal moments of inertia at any point O 
are equal, the ellipsoid of inertia corresponding to the point becomes 
a sphere. 


This conclusion follows at once from equation (4) if 4= B=C. 

In this case every diameter is a principal diameter, every line 
through O is a principal axis, and the moments of inertia with 
respect to all of them are equal. 

For example, if the solid is a regular polyhedron, the ellipsoid 
of inertia for the center of the solid is a sphere. 

Similarly for plane areas the momental ellipse corresponding to 
the center of any regular polygon becomes a circle. 
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Theorem. If two of the principal moments of inertia with respect 
to any point O are equal, the momental ellipsoid corresponding to the 
point becomes an ellipsoid of revolution about the third principal axis. 

For in (4), p. 64, if 7, =Z, then B=, and (4) becomes the 
equation of an ellipsoid of revolution with respect to OX. The 
moments of inertia with respect to all lines in the YZ-plane are 
now equal. 


PROBLEMS 


1. Find the ellipsoid of inertia corresponding to the center of the homogeneous 
ellipsoid, p. 26. 5 n? 
M 
2. Given a homogeneous material straight line of length 2/. Find the 
momental ellipsoid corresponding to a point O at a distance d from the center, 
O being the origin and the direction of the line the X-axis. 


Ans. (b? + c?)x? + (c? + a’) y? + (a2 + b2) 22 = 


Ans. 22+ y?=n”, where n=. 
(oO 4 ) 
(3 
3. Find the momental ellipsoid corresponding to the center of a material ellipse 
j j 242 272 — q2h2, 2 2 2 2 2 
whose equation is 027? + a?y a2b see a ae (“ ) Gs 
az 6? ab? M 


4. Prove that the momental ellipse corresponding to the center of an equilateral 
triangle and to the center of a square is acircle. The same result holds for particles 
placed at the vertices of a similar weightless square or triangular frame. 


5. Find the principal axes and the momental ellipsoid for one corner of a thin 
square plate, the area of the plate being in the X Y-plane with a corner at the origin. 
2 
Ans. Momental ellipsoid, 2 (a? + 2y2+ 2?) -—3az= a 
a 
6. Using the result of problem 4, show that one momental ellipse correspond- 
ing to the center of a parallelogram is an ellipse touching the sides at their middle 


points. 
7. Find position of the principal axes and the momental ellipsoid at the center 
of a homogeneous paralielopiped whose edges are 2a, 2b, 2c. Apply results to a 
cube. Ans. Principal axes are perpendicular to faces. oe 
Momental ellipsoid, (b? + c?) a? + (c? + a?) y? + (a? + 6?) 2? ae 
For a cube the momental ellipsoid is a sphere. 
8. Find the principal axes and the ellipsoid of inertia corresponding to a corner 
ee SUNG: Ans. Momental ellipsoid, 4 (2? + y? + 2?) —3(ay + z+ yz) = = 
9. Prove that the moment of inertia about all lines through the center of a 
cube is the same. Is this true of other regular solids ? 
10. Prove that if the height of a homogeneous right circular cylinder is to its 
diameter as \/3:2, the moments of inertia of the cylinder with respect to all axes 
passing through the center of mass will be equal. 
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ELECTRICAL PROBLEMS 


By WILLIAM L, HOOPER, Professor of Electrical Engineering, Tufts College, 
Mass., and ROY T. WELLS, Senior Fellow in Physics, 
Clark University, Worcester, Mass. 


8vo. Cloth. 170 pages. With diagrams. List price, $1.25; 
mailing price, $1.35. 


HE work contains sets of problems typical of those 

met with in electrical laboratory and engineering 

practice, with very brief treatment of the methods 

of solution. It is intended to meet the need for a collec- 

tion of numerical problems in the classes of colleges and 
technical schools. It is made up as follows : 


1. Twelve sets of problems and calculations on combinations of 
electro-motive forces and resistances in series and multiple grouping ; 
distribution and fall of potential in railway and lighting circuits, induc- 
tance of coils, capacity of condensers, thermo-electricity, electro-chem- 
istry ; and output and efficiency of batteries, generators, motors, etc. 

2. Four sets of problems on combinations of alternating electro- 
motive forces and currents and the impedance of circuits with constant 
and with varying values of resistance, inductance, capacity, and frequency. 

3. Five sets of problems on calculating and making winding tables 
and drawings for direct and alternating current armatures, armature 
reactions, field windings, etc. 

4. Problems on winding and operation of transformers, rotary con- 
verters, and induction motors, and on testing of dynamos and trans- 
mission of power. 


Answers are given to all problems, many in the form of 
curves showing the effect of varying the various constants 
involved, such as temperature, frequency, capacity, resist- 
ance, and inductance. The text contains about forty ex- 
planatory diagrams. 
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